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In a recent paper we developed a method which allows one to control 
rigorously the finite-size behavior in long cylinders near first-order phase 
transitions at low temperature. Here we apply this method to asymmetric 
transitions with two competing phases, and to the q-state Ports model as a 
typical model of a temperature-driven transition, where q low-temperature 
phases compete with one high-temperature phase. We obtain the finite-size 
scaling of the first N eigenvalues (where N is the number of competing phases) 
of the transfer matrix in a periodic box of volume L x . . .  x L x t, and, as a 
corollary, the finite-size scaling of the shape of the order parameter in a hyper- 
cubic box ( t = L ) ,  the infinite cylinder ( t =  ~ ) ,  and the crossover regime from 
hypercubic to cylindrical scaling. For the two-phase case ( N =  2) we find that 
the crossover length ~L is given by O(L')exp(flaLV), where fl is the inverse 
temperature, a is the surface tension, and w = 1/2 if v + 1 = 2 while w = 0 if 
v + 1 >2.  For the standard Ising model we also consider free boundary 
conditions, showing that ~L = exp[/3aL~ + O(L~-I) ]  for any dimension 
v + 1/> 2. For  v + 1 = 2 we finally discuss a class of boundary conditions which 
interpolate between free (corresponding to the interpolating parameter g = 0 )  
and periodic boundary conditions (corresponding to g =  1), finding that 
~L = O(L"') exp(fl~rL") with w = 0 for g = 0 and w = 1/2 for 0 < g ~< 1. 

KEY WORDS: Finite-size scaling; first-order phase transition; surface 
tension; Potts model; crossover length; energy splitting. 

1. I N T R O D U C T I O N  

I n  r e c e n t  y e a r s ,  f i n i t e - s i z e  e f fec t s  a t  f i r s t - o r d e r  t r a n s i t i o n s  h a v e  b e e n  

w i d e l y  s t u d i e d .  ~  F o r  a w i d e  c l a s s  o f  m o d e l s  t h e  f i n i t e - s i z e  s c a l i n g  in  a 
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cubic box V with periodic boundary conditions can be derived from the 
ansatz 

N 
Zpe r ( V , # ) ~ ' ~  2 e flfm(,u)[V[ (1.1) 

m = l  

for the partition function. Here IV[ is the volume of the cubic box V, # is 
the driving parameter of the transition, N is the number of stable phases 
at the transition point,/~ is the inverse temperature, and fm(P) is some sort 
of metastable free energy of the phase m. It is equal to the free energy f( / t )  
if m is stable, and strictly larger than f(/~) if m is unstable. 

If the model in consideration allows for a contour representation in 
which the configurations of the system may be described in terms Of 
"ground-state regions" separated by energetically unfavorable "contours, ''3 
a formula of the form (1.i) can actually be proven, together with a bound 
O([ V[e bdiamV) for the error term. (2'3) Here diam V is the diameter of the 
cube, and b > 0 is a constant. Actually, these results remain true in the 
more general case where V is a (v+l)-dimensional  cylinder with 
L x ... x L x t points, provided 

IV] e -m in (L ' t )  ~ 1 (1.2) 

For long cylinders, however, the effects neglected in the approximation 
(1.1) play an important role. Using a linear scaling ansatz to scale the 
cylinder down to a one-dimensional interval of length t/L, B16te and 
Nightingale ~4) developed a heuristic theory of finite-size scaling in long 
cylinders. A little later, Privman and Fisher (s) developed an alternative 
theory, starting from the observation that the periodic partition function 
may be written as 

Zper(V, # ) =  ~ 2 i ( t ) '  (1.3) 
i = l  

if the model in consideration has a positive transfer matrix (as many 
models of statistical mechanics do). Here 2~(L) ~> 22(L) >~ .-- are the eigen- 
values of the transfer matrix. They then argue, for N = 2 and models with 
a symmetry relating p to - # ,  that only 2, and 22 are important for the 
asymptotic behavior of Zper( V,/~), and that 2~ and 22 may be calculated by 
diagonalizing a certain 2 x 2 matrix. As a consequence, they were able to 
calculate the finite-size scaling of the magnetization from cubic boxes up 
to infinite cylinders, finding a crossover regime when t diverges with L like 

~ L = D( L ) exp(/~aL v) 

3 For the ferromagnetic Ising model, the ground-state regions are the regions where the spin 
is constant, while the contours are just the usual Peierls contours. 
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where a is the surface tension between the two phases and D(L) is a 
"slowly varying function of L." Privman and Fisher predicted D(L)~ L l/2 
for v = 1 and Br6zin and Zinn-Justin (6) predicted D(L)~ L (2-v)/2 for v/> 1; 
see also ref. 7. As we will see, this prediction is incorrect for v > 2 and low 
temperature. (As pointed out in ref. 8, the exponent may be different above 
the roughening transition.) 

Here we continue the rigorous analysis in ref. 9 of finite-size scaling in 
long cylinders at low temperature. Among other results, we will obtain a 
rigorous derivation of the results of Privman and Fisher, a formula for the 
slowly varying function D(L), the generalization of these results to a wide 
class of two-phase systems without any symmetry assumptions, and--as  an 
example of a temperature-driven transit ion--the finite-size scaling for the 
q-state Potts model. 

In order to descrtibe the ideas and results of ref. 9, let us consider a 
perturbed Ising model with Hamiltonian 

/3H=[3 ~ ]~y-ayl+[3~J x [71 r  (1.4) 
x , y  X x ~ X  x 

[x-yI - 1 

where Jx=O if diam X>ro ( ro< oo is the range of the interaction), 
Zx~c IJx[ is small, and/~ is large. Note that/~ is/~ times the usual magnetic 
field. This model is a typical example of a model describing an asymmetric 
first-order transition between two different low-temperature phases and 
allows for a Peierls contour expansion with exponentially suppressed 
contours. 

Neglecting for the moment contours which wind around the cyclinder 
in the time direction, we now distinguish two different kinds of contours: 
interfaces which separate two different phases in the lower and upper parts 
of an infinite cylinder, and ordinary contours which do not. Resumming 
the ordinary contours, we get an effective weight x(Y) for the interfaces, a 
"renormalized" ground-state energy f+_(L) for the regions between 
interfaces, and an interaction between interfaces. Using iterative cluster 
expansions to control this interaction (see Section4 of ref. 9) and a 
variant of Dobrushin's surface expansion ~1~ to control the deviation 
from flat interfaces (Section5 of ref. 9), we obtain a system of non- 
interacting flat interfaces with weight O(L -~/2) exp(-13aL v) for v = 1 and 
[-1 + O ( e x p ( - b L ) ) ]  exp( - [3aL  v) for v > 1. Since a system of flat interfaces 
is equivalent to a one-dimensional system, we obtain Theorem A below for 
the perturbed Ising model (1.4). 

In fact, Theorem A is proven in a much wider context; see Sections 2 
and 5 of ref. 9 for a description of the class of models to which it applies. 
Essentially we need a contour or cluster representation with a Peierls 
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condition, translation invariance, and invariance under reflection in the t 
direction, together with several assumptions on the structure of interfaces, 
essentially locality and suppression of defects relative to a flat interface. The 
notation is as follows: ZpCr(V, #) is the periodic partition function in 
volume V, [ VI = L't, p is an ( N -  1)-vector of parameters driving transi- 
tions among N states, #* is the coexistence point, f = f ( p )  is the free 
energy density, a m" is the surface tension between the phases m and n, and 

is the parameter in the Peierls condition [~ = O(fl) for the perturbed Ising 
model (1.4)]. It is assumed throughout that L, t are positive integers. 

T h e o r e m  A. There a r e  C 4 functions fm(p)>/f(p), m=l , . . . ,N ,  
agreeing with f (# )  if and only if the corresponding phase is stable, such 
that the following statements are true provided z is sufficiently large and 
[ # - p * l L ~ <  1. 

(i) There exists an NxN symmetric matrix R such that for all 
t>~vlog L and for 0~<k~<4, 

d k 
dp--- s [ - Z p e r ( V  , # ) - T r  R']  ~e-#ffVle-[~-~ (1.5) 

(ii) The following condition holds: 

d~ [L VlogRmm+flfm(#)'] ~<e -[~ or (1.6) ap ,~ 

(iii) The following condition holds: 

d k 
-~pkRmn <~e [flf+z O(1) ]L  v if nr (1.7) 

Let N = 2 .  Then there are constants 0 < b ~ <  1 and C+_  > 0  (iv) 
such that the off-diagonal matrix elements R + = R_ + of R are 

R+ = e  '6f('u)LvyC+ L-1/2e #~L[I+O(L-I)]' V=I,  L>>I (1.8) 
- [e-Z~Lv[1 + O(e bilL)i, V ~> 2 

provided I#-- #*1 ~< e ~c/2. 

This theorem reduces the determination of the asymptotics of 
Zper(V, p) to a calculation of an N x N matrix R. If the original model has 
a positive transfer matrix T, it implies that the first N eigenvalues of T are 
just the eigenvalues of R, and that 2i(L)~<e-~162 for the remaining ones. 

In the present paper, we use the results of ref. 9, in particular 
Theorem A above, to derive the explicit scaling form for the magnetization 
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mper(V ,/2) and the internal energy Eper(V , fl), respectively, of models like 
the perturbed Ising model (1.4) or the q-state Potts model (at low 
temepratures and large q, respectively). For the perturbed Ising model and 
more generally for any two-phase model satisfying the assumptions 
described before Theorem A, our main results are summarized in the 
following Theorem B. We need the infinite-volume magnetizations of the 
two phases, which we write as 

d(flf ) Mo+_3M- - - -  (#*+) (1.9) 
d# 

T h e o r e m  B. Let N = 2 ,  let v be sufficiently large, and let 
#*(L)=#*+e -~-~ be the point for which the diagonal matrix 
elements R++ and R of the matrix R are equal. There exists a ~-L 
satisfying 

f(1/2C+ )L~/2e~'~L[I+O(L-~)], v = l ,  L>>I (1.10) 

such that in terms of scaling variables 

ys= tLV[#- #*(L ) ] AM (1.11) 

yc = ~LLV[# -- #*(L)] 3M (1.12) 

and the scaling function 

Y(Ys, Yc) - 2yc F Y8 ( 4y2c)1/21 A,,2 ]1/2 tanh 1 + (1.13) 
(1 +-ycf  [2yc 

the magnetization obeys the following bound: 

Mper(V,#)=Mo+AMY(y,~, yc)+e-~ ~  (1.14) 

for any t, L, # which fulfill the conditions LYe t<  1 and I # - # * l  ~<O(1). 
Here C+ is the constant from Theorem A. 

Theorem B is the announced generalization of Privman and Fisher's 
results to asymmetric two-phase systems. Note that the formula (1.10) for 
~L [which is the inverse of the smallest splitting of the eigenvalues of log R 
in (1.5) as # varies near #*] agrees with their prediction for v=  1, and 
corrects the prediction of Br6zin and Zinn-Justin for v > 2. We emphasize 
that (1.10) is a low-temperature result and that ~L may behave differently 
above the roughening transition in v + 1 = 3. For v + 1 > 3, however, it is 
not expected that there is a roughening transition. Nevertheless, numerical 
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simulations (11'~2) of the four-dimensional Ising model near Tc seem to 
support the continuum calculations of ref. 7, which predicts ~L= 
C ( f l ) L - m e x p ( ~ a L  v) with C(/~) given explicitly in terms of the renor- 
malized mass and coupling constant. It is an interesting open problem to 
explain the transition from the apparent continuum behavior near Tc to the 
low-temperature behavior proven in this paper. 

While (1A4) holds for all t, L, # within the prescribed range, it is 
natural to consider a limit t, 1#-/~'1 1_, ~ fixing Ys ,  Yc.  In this limit 
t ~  ~L, the crossover length scale, [ p - / ~ * ( L ) ]  ~ 1/(LV~L), all error terms 
in (1.14) are exponentially small, and 

Mper( V, kt) ~ M o -+- A M Y ( y B ,  Yc)  

If one considers, on the other hand, a limit where Ys is kept fixed while 
Yc ~ oo, 

Mper( V, Id) -"> M o "k A M  tanh YB 

which is the usual scaling form in the block limit. Considering finally the 
cylinder limit, where t, L, I /~-#*[ ~ ~ ~ in such a way that Yc  is kept 
fixed while y ,  ~ ~ ,  we obtain 

2yc 
Mper(V,/~) ~ M o + A M  

(1 + 4y2c) m 

which is the typical form for a one-dimensional system. 
We emphasize that the width of the transition in the crossover and in 

the cylinder regime is of the order p - # * =  O ( 1 / L ~ L ) ) ,  which is (at least 
for v + 1 >~ 3) much smaller than the shift [ # * ( L ) - # * [  = e - ~  allowed 
by the bound (1.6). 4 Note, however, that # * ( L ) = p *  for a model like the 
ordinary Ising model, where the two phases are related by a symmetry 
/ ~ - p *  ~ p * - # .  

We finally discuss the q-state Potts model, which is a spin model with 
spin variable o'x~ 7~q := {1, e2rCi/q,..., e 2r:i(q- 1)/q} and Hamiltonian 

H =  - �89 ~. 6(ay, ay) (1.15) 
X, y 

I x - y l  = 1 

where 6 is the Kronecker delta (for a review of the Potts model, see, e.g., 
ref. 13). For  q large enough (and v + 1 >~ 2) this model undergoes a first- 
order phase transition as the inverse temperature [3 = 1 /kT  is varied. At the 

4 We expect that the actual shift is #*(L)--#* =O(exp[--L/max(r ~_)]), where ~+ are 
the infinite-volume correlation lengths of the two phases. 
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transition point/~t the number of stable phases goes from 1 below/~t to q 
above /~t. Actually, for /3 =/~,, the q ordered low-temperature phases and 
the disordered high-temperature phase coexist and the internal energy E(/~) 
jumps from Ea=  E(/3,-  0) to Eo = E(~, + 0). (~4'x5) 

The next theorem summarizes our main results concerning the finite- 
size scaling of this model. The constant aoa appearing in (1.17) below is the 
surface tension between the disordered and an ordered phase. 

Theorem C. Let q and L be sufficiently large. Then there exists a 
finite-volume transition point/~*(L) and a length scale ~/~ satisfying 

I/L-/~*(L)I ~ q  O(~)L (1.16) 

_ ~C(q)L~/2[1 + O ( L - ' ) ] e  a~~ v = 1 (1.17) 
L--[q-I /2e~oaL~[l+O(q O(l)L)], V~>2 

for some C(q) such that in terms of scaling variables 

y~ = tLV[fl - fl*(L)] - -  
E d - E o 

2 

E a -  Eo 
y c  = ~ L L ~ [ / 3  - / ~ , ( t ~ ) ]  - -  

(1.18) 

(1.19) 

and the scaling function 

Y(YB, Yc) = 
(q - 1 )e yB + ( 1 + y c  2) -1/22 sinh [yB(1 + yc2 )  U2-] 

(q - 1 )e yB + 2 cosh[yB(1 + yc2)  m ] 
(1.20) 

the internal energy obeys the following bound: 

Eo + Ea.q Eo - Ea 
E p e r ( V ' f l ) -  2 ~ Y(YB, Y c ) + q  O(l)L+q 0(~, 

+ O ( q l B - f l , l ) + O ( ~ Z  (1 ~ ) )min{ l+ lYc l ,  yB/yc} (1.21) 

for any t, L, /~ which fulfill the conditions LYe t<  1 and ]/~-~*l ~<O(1). 
Here e = e(q) is a small positive constant which goes to zero as q ~ oe. 

Note that the asymptotics (1.21) simplify in the block limit where t, L, 
and (/~ _/~)-1 ~ oe in such a way that yc  ~ oo while Y8 is kept fixed; in 
this case 

Eo + Ea + Eo - Ea 
Eper( V,/~) ---} 2 2 tanh(yB + �89 log q) 
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(in accordance with the results of ref. 3). On the other hand, in the cylinder 
limit where t, L, and (/~t-/~) -1 ~ ~ in such a way that y B ~  ~ while Yc 
is kept fixed, we have that 

Eo + Ed E o -  Ed Yc 
g p e r (  V , / ~ )  --~ - -  ~- - -  2 2 (1 ~- ,,2 ~1/2 

~ J C !  

Outline. We derive the finite-size scaling for the two-phase system in 
Section 2, where we also state a more precise version of Theorem B. 
Among other things, we eliminate the error term exp[ -O(z )L]  by using 
L-dependent quantities in defining the block and cylinder scaling variables 
YB, Yc. In Section 3 we discuss the finite-size scaling of the internal energy 
and the specific heat for the Potts model, and in Section 4 we discuss free 
boundary conditions (and more generally a class of boundary conditions 
interpolating between free and periodic), restricting ourselves to a situation 
where two phases related by a symmetry are coexisting, to avoid technical 
complications. Some of the more technical aspects of Section 4 are dealt 
with in the Appendix. 

2. A S Y M M E T R I C  FIRST-ORDER PHASE TRANSITIONS WITH 
TWO COMPETING PHASES 

In this section we consider a larger class of models describing this 
coexistence of two infinite-volume phases, m = _+1, at the value # = # *  of 
the driving field #. We need a contour or cluster representation with a 
Peierls condition, translation invariance, and invariance under reflection in 
the t direction (see Section 2 of ref. 9 for the precise assumptions), together 
with several assumptions on the structure of interfaces, essentially locality 
and suppression of defects relative to a flat interface (see Section 5, 
Assumptions 5.1-5.5, of ref. 9). As a typical example, the reader should 
keep in mind the perturbed Ising model (1.4) at low temperatures. We will 
prove Theorem B stated in the introduction, and its more precise version 
Theorem 2.1 below. 

Recall that we are interested in the behavior of the partition function 
Zper( V, #) and the magnetization 

1 d 
Mper( V' #) - tL v d# log Zper( V, #) (2.1) 

in a cylinder V= A x T, where A is the v-dimensional torus of side length 
L, and T is the one-dimensional torus of length [TI = t. Due to Theorem A, 
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I 2 

Zper(V~#)-- E 2i(L)' <<.e-~(~)lVle E~ o(1)]t (2.2) 
i = l  

d# ~ Mper(V,#)__~ Mi(L,#)Pi(V,# ) ~<e-[~ o(1)]~ (2.3) 
i 

if k~<3, t>~vlogL, and I#-#*[LV~< 1. Here 2i(L) are the eigenvalues of 
the 2 x 2 matrix R described in Theorem A, and 

1 d 
Mi(L, #) - ~ ~y log 2,(L ) (2.4) 

P,(V,#)=-2,(L) t Z/(L)' (2.5) 

As a consequence, the asymptotic behavior of Zper(V, y) and mper( V, #) iS 
determined once the asymptotic behavior of the eigenvalues 21,2(L) is 
given. 

We start with a heuristic derivation of this behavior in the region 
IV- #*l LV~ < 1. Let us neglect the L dependence in the diagonal elements of 
R, so that [in the approximation given by (1.6)] 

(exp [ - L"flf+ (#)] R+; (# )  
R = \ R+ _(#) exp[ - L  'Bf- (#)] J 

Now we pull out an overall factor exp{-  L"f l [ f+(#)+f_(#)] /2} from this 
matrix, leaving 

k = (exp{ - L"/~[f+ (#) - f_  (#)]/2 } R+ 
' R + _  exp{L"~[f+(y)- f (#)]/2}) 

Ignoring the # dependence of/~+_, we have R+_ =/~+ _(#*). Finally, we 
linearize f+(#)  about #*, so that 

R= /~+_ e - ~  

with x=AM(#--#*)LL The eigenvalues of this matrix are coshx_+ 
~2 )1/2, (sinh2 x + R+_ which for small x and R+ becomes 

~2 1 / 2  _1~ I t1  I+-(xZ+R+-) - l + - z  L \ +4y2) 1/2 

where r [2R+_(#*)] -1 and yc=r AM is the scaling 
variable defined in (1.12). As a consequence, 

2 n 2 ( L ) = e x p [ -  �89 + f _ ) ]  [1 + �89 I( 1 + 4)'2) 1/2] 
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To see the form of the magnetization, differentiate the eigenvalues with 
respect to/~, as required by (2.4): 

l d 1 LI 4 y c f c  
MI,2(L' t2)=LT-d~l~ (1 + 4y2)1/2 

2y~ 
=Mo+__AM 4 '  2 )1/2 (1 + -~c 

(In the second equality, we have neglected second- and higher-order terms 
in the expansion of the log.) The relative weightings P1,2 given by (2.5) are 
determined by 

21,2-exp __+2~L(l+4y2)1/: =exp _+2-77 

so that 

Mp~r=M1P 1 + M 2 P 2 = M o + A M ( 1  tanh (1 +4y c 

as in Theorem B. 
In order to obtain the optimal asymptotics for Theorem 2.1 below, we 

now introduce scaling variables YB and Yc, where the constant A M  is 

replaced by an L-dependent constant AM. Our definitions are based on the 
exact matrix R of Theorem A. We write 

( e x p ( -  LVfljT+ ) R+ ) (2.6) 
R = \  R+ exp( - LVflj 7 ) 

and recall that 

dT~ k [flf +_(l~)_ fljT+(L ' #)] ~<e-E~ o(,)~L (2.7) 

provided k~<4 and ]#-/~*]L"~<I. We define #*(L) by the equation 
f + ( # * ( L ) ) = y  (#*(L)), and introduce the magnetizations of the two 
phases in [R v+ 1, and the corresponding L-dependent quantities 

M + - d(fife ) d~ (#*) '  a~+=~+(L)= d(/g+) _ _ _ ~ O,*(L))  (2.8) 

We also define 

Mo= �89 § + M ), A M =  �89 + -  M ) 
(2.9) 

G o  1 = ~ (  + + ~  ), ~ M = � 8 9  ) 
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Note that the assumption (2.7) formulated in ref. 9 implies that AM, AM 
are nonzero. Furthermore, Theorem A(ii) implies that 

Ip*(L)-/~*] ~< e {~ O(1)]L 

IAM-- AMI <~e -[~ o~)]L 

IMo-M01~<e -c~ o~l)~L 

(2.10) 

(2.11) 

(2.12) 

Next, we introduce a characteristic length scale 

~L = 1R+ I-L, #*(L)] -1 e x p { -  �89 

which governs transitions between phases along the t axis at /z*(L). 
Finally, we introduce block and cylinder scaling parameters: 

y~ = tLV[# - #*(L)] A M  (2.13) 

Yc = ~L LV[# - # * ( L ) ] A M  (2.14) 

Remark. If the model in consideration has a positive transfer matrix 
T with eigenvalues 21 >22>~ ..., the correlation length r in the time 
direction is just 

~ll = [log()q/22)] 

Due to Theorem A, 21 and 22 may be calculated from the matrix R, and 

~ll(# = #*(L)) = log - (2~L) = ~L[1 + O(~-2)] 

by the above definition of ~L. 

T h e o r e m  2.1. Consider a two-phase system satisfying the assump- 
tions formulated in Sections 2 and 5 of ref. 9, and suppose ~ is sufficiently 
large. Then Zpr #), the partition function in the periodic cylindrical 
volume V= LVt, obeys the asymptotics (2.2) with 

),I,2(L) = exp [�89 + f -  )3 

x {1 + O(I#-I~*(L)I2L 2") 

-I- 1 ~ - 1 / 1  2 L , + 4 y : c Y / Z [ I + O ( I I ~ - ~ * ( L ) I L V ) ] }  (2.15) 

provided I#-/~*IL"~<I and t>~vlogL. Under the same conditions, the 
magnetization is described by 

Mper( V, #) =- Mo + AM~Y(yB, Yc) 

+ O ( r  [~-~ (2.16) 
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Here YB and Yc are block and cylinder scaling variables defined in (2.13) 
and (2.14) and Y(-,-) in the scaling function 

2yc tanh [ Y~c(l +4y2c)~/2] (2.17) Y(YB, Y c ) -  (1 + 4y~) '/2 

Finally, 

~'(1/2C+ )L~/2e~L[I+O(L-~)], v = l ,  

~c=[�89176 b~c)], v~>2 

L>>I 
(2.18) 

where C+_ is the constant introduced in Theorem A, and a is the surface 
tension at the coexistence point/~*. 

It is interesting to consider three types of scaling limits t, L, 
I # - # * l  ~ ~ oo: the cylinder limit where Yc is fixed while YB--* o% so that 
t/~z.=ye/yc---' oo; the block limit where ye  is fixed and yc ~ or, so that 
t/r O; and the crossover limit where YB and Yc are fixed in (0, oo), so 
that t ~ ~L. Note that in any of these cases 

II~--#*(L)IL~=IYBI/(tAM)=]Ycl/(~L AM)~O (2.19) 

since both t and ~L tend to infinity. 

Cylinder Geometry. Yc fixed, YB--' oo. In this case we have 
t > ~c ~ LW exp(flaL~), 

Y(yB, yc) = 
2yc 

( 1 - a , , 2 ~ l / 2 1 1 + O ( e  2yB)] 
'.2" C ]  

Since [ / ~ - ~ * ( L ) ]  = O(~L  1) in this geometry, we get 

2y c 
Mp~r( V,/~) = G o + O(~Z ~) + AM (1 _ ~:c, ~_a,,2~1/2 I1 +O(e-2yB)] (2.20) 

Block Geometry. YB fixed, Yc ~ oo. In this case t/r z ~ 0, 

Y(YB, Yc) = (tanh yB)[a + O(yc2) ]  

and 

Mp~r( V, I~)= Do + 0(~ L 1)+ O(e-Er o(1)]t) 

+AM[l+O(yc2)] tanhy~+O(t~-#*(L))  (2.21) 
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Block geometry still allows diverging t/L. If instead we consider fixed 
aspect ratio, then (2.21) simplifies to 

Mper(V,#)=Mo+e ~ (2.22) 

In this case there is no gain in using quantities defined at /~*(L) and we 
recover the asymptotics of ref. 2. 

Crossover Geometry. Ys, Yc fixed. Recalling that [ / l -#*(L)[LV~ 
yc~[ 1 =yst  -1, we can write 

~" 1 Mper(V, l i )=Mo+O((l+yc)gL )+A'M'Y(YB, Yc) (2.23) 

Before proving Theorem 2.1, we note that it is actually possible to 
eliminate the error term O(t~-#*(L)) in (2.16) if one introduces 
/~-dependent quantities 

3~0(L, P) = _ d)7+ (L, #) + )7_ (L,/~) (2.24) 
dp 2 

~-~  d )7+(L, ~)-)7_(L,  ~) 
AM(L, Iz)- 

a~ 2 

Then 

(2.25) 

x = �89 - 7 +  ) L " =  AM[I~ - #*(L)] LV[1 + 0(1~ -/~*(L))] 

(2.26) 

Mp~( V, #) = Mo(L , #) + AM~(L, #) 

The bound (2.16) is obtained from 

+ O ( ~ [ l ) + O ( e  [~ or 

(2.27) 

(2.27) by expanding Mo(L,p), 
N 

AM(L, #), and x~L about #*(L); note that x~.L = y c [ 1  + O(/t - # * ( L ) ) ] .  If 
one went further to second derivatives in #, one would obtain the more 
detailed shape (involving the susceptibility) predicted in ref. 16. We will 
prove the bound (2.27) together with Theorem 2.1. 

Proof of Theorem 2. 1. Let us write R as 

R = e x p [ - ! L  vt7~ +)7_)] e 2 w+ x (2.28) 

8 2 2 / 6 9 / 3 - 4 - 4  
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where x is defined in (2.26). We have/~(It*(L)) = 2 c !~ -1, and we would like 
this equality to hold approximately for # r #*(L). This is the content of the 
following proposition. 

P r o p o s i t i o n  2.2. If r is large and I#- /~*lLV~ < 1, then 

R(t.t)=�89 +O(ll~-t~*(L)lLv)+o(ll~-~*(L)]2LZVe~ (2.29) 

The last term in (2.29) may be omitted if v >~ 2. 

The proof is based on the results of Section 5 of ref. 9. We defer it to 
the end of this section. 

If we put C = cosh x, S = sinh x, then the eigenvalues of R are 

21,2 = e x p [ _  �89 +jT_)] EC...}_(S2_[_R2)I/2] (2.30) 

with the plus sign corresponding to the larger eigenvalue 21, the minus sign 
corresponding to 22. Proceeding with the proof of Theorem 2.1, we need to 
approximate C+($2+R2) I / 2 _  as 1 _+!~2 L lilt + 4yc)21/2. We have 

C= 1 +O(x2)= 1 +O([,u-#*(L)]2L 2v) 

and by (2.26), (2.29) we have 

(S 2 + k2) 1/2 

= {xgE1 + 0 ( ~ - ~ * ( L ) ) +  O(xo~)] + l ~ 2 E 1  + O(xo)+ O(x~)e ~ }'/2 
!~ it 1 =2  L ~ +4y2c) 1/2 

X(1 + O ( # -  #*(L))y2  +O(x 2 )l+4y 2y2 +O(XoI+O(x~)eO(L,) 

= • L-- l/1, + 4y~)1/2[ 1 + O(l~t -- #*(L)I  LV)] (2.31) 

where xo=AM(~-#*(L) )L"=yc~  1. The last term was estimated using 
Xo e~ = Yc~E le~ <~Yc ~< 1 + 4y 2. Altogether we find that 

�89 + 2 2 ) =  e x p [ -  �89 + L ) ]  [1 +O(I~-I~*(L)[L~) 2] 

) '1- -22=exp[  - �89 + f  )] 

X ~[l(1 + 4y2) 1/2 [1 + O(Ikt -/~*(L)I L")] 

This proves the first part of Theorem 2.1. 
Next we evaluate and approximate 

d 
M 1 2 = L  " . ~ log 21.2 (2.32) 



Finite-Size Scaling 501 

A calculation shows that 

M~ 2 = jl~o(L, #) + ( i  - -  ~ [ CAr- (S2-[-.R2)l/2(S2~ R2) dR/d~ ) , __ $2 f ~ 2 ] l / 2  AM(L, #) + 

(2.33) 

Since we assume ] # -  #*] L"~< 1, x is bounded. Also, R ~ 1, so the last term 
can be bounded by 

O(1)L-~d_R(sRq_~2 ) 1/2 
a# 

k e m m a  2.3. If ~ is large and ] # - # * [ L V ~  1, then 

L -  ~'R d/~ 1/2 ~ ( s ~ + ~ )  - ~< o ( ~ ' )  (2.34) 

The proof is deferred to the end of this section. 
We expand S($2-[-/~ 2) 1/2 as in (2.31), 

O(x~)e~ 
S 2y c ( O(xo) q- O(xZ)e~ 

($2 q_/1~2) 1/2 (1 + 4 ) 2 )  '/2 1+  [ +--~y~ j 

2yc 
= (1 +4y~)  1/2 [ 1 +  O(~[1)]  

This leads to the following result: 

P r o p o s i t i o n  2 .4 .  If z is large and 1# -#* l  LV~ < 1, then 

M'+M2 21~o(L, ,u) + 0 ( ~ [ ,  ) 
2 

using R/S= [1 + O(xo) + 

(2.35) 

M 1 - M s  ~ 2yc 
2 -dM(L'#)(l+4y2)u2+O(~[l) (2.36) 

We need to approximate the relative weights 

P1,2 --= .~tl,2(2tl + )~i) 1 (2.37) 

which determine how M1,2 are represented in the true magnetization Mpe r- 
We have 

(,~1 ~ +'/2 
"~1~ 11.2 = ('~'1 "]'2) ,/2 \,~--'~/ 
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and if we define 2 by the equation 

tanh 2 = [tanh 2 x + (/~/C) 2 ] 1/2 

then (2.30) yields 

21 1 + tanh 2 22 
log 2~ = log 1 - tanh 2 = 

If we express 22 in terms of x and R and perturb in (/~/C) 2, we find 

.~2 = X 2 _}_ (/~/C)2 [ 1 + O(x z) + O(/~2)] 

X= (X2 q- t~2) 1/2 1 "}- FO(x2)--}-O(R2)l 

= (x 2 q- R2) 1/2 1-I q- O(-J~2)] 

Then Proposition 2.2 implies that 

{ (2~L)-2 
2 =  IX2+ (2~L) 211/2 I q- [O(x)+O(xaeO(L))] X2.q_ (2-~L)_2j 

= [x 2 + (2~L) 211/2 [-1 + O(~L1)l 

Since t/{ L =Y,~/Yc, we obtain the following result. 

Proposition 2.5. 

and 

If  r is large and ] # - # * f L Y - - . <  1, then 

log()q/22) = 2[x 2 + (2~L)-23 */2 [1 + O(~L 1)] 

(2.38) 

Using (2.26), which implies that x~L=yc[1  + O ( # - # * ( L ) ) ] ,  we have 

P 1 - P 2  = t anh  {Y2~c (1+@2)1/211 + O(# - -#* (L) )+  O(~L1)]} 

Of course P1 + P2 = 1. Finally, we put these results together to compute, 
using the bound (2.3), 

Mper(V, # ) =M1P 1  + M 2 P 2 +  O(e [~ 0(1)],) 

M 1 + M z  M1--M2 
- + (P1  - P 2 )  + O ( e -  [~ - o(1 )] t) 

2 2 
= ~ 0 + O ( ~ L - 1 ) + O ( e  {, ol l ) ] , )+O(#_#*(L) )  

1----/ 2yc [Y8 (1 + 4y2),/2] (2.41) 
+ A M  (I+ay2c) 1/2tanh ~Yc c ] 

P 1 - P 2  = tanh  {2yc y~ [1 +4(X~L)Z]I/2[1 + O ( ~ z 1 ) ] }  (2.40) 

(2.39) 
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Here we see the scaling function 

2yc I yB ] Y(YB, Yc) ( l+4y~) l /2 t anh  2y c( l+4yc)  ~/2 

appear with various corrections to this form displayed. Since 
I#* (L) -~* I  ~<e Er O(l))lL, the bound (2.18) follows from Theorem A and 
the definition of ~L- This completes the proof of Theorem 2.1. The bound 
(2.27) follows from (2.3), Proposition 2.4, and Proposition 2.5. I 

Proof of Proposition 2.2. The proof is based on the bounds 

d ~O(L)R+ {(l+ltf+--f__[e~ V=I  (2.42) 
-j~R+ <<'(O(LV)IR+ l, v>~2 

d k ~R+_. <.e~ I (2.43) 

proven in ref. 19 under the assumption that r is large, k ~ 4 ,  and 
I#-  I~*I LV <~ O(1). 

For v>~2 we now replace R + _  with /~(#) in (2.42); the derivatives of 
exp[�89 +j7 )L ~] merely contribute to the O(LV). Integrating the bound 
from p*(L) to #, we obtain 

/~(#) = R(#*(L))[- 1 + O(# -- #*(L))L ~] (2.44) 

which is just (2.29) without the last term. 
In order to prove (2.29) for v = 1 we note that the results of Section 5 

of ref. 9, in particular Proposition 5.2(ii) and Proposition 5.3, (5.6b), imply 
that 

IR+ (#)l ~< IR+ (#*(L))I e~ (2.45) 

provided [p -#*[L~<O(1) .  Combined with (2.43) (for k = 2 )  and 
rephrased in terms of/~, we get 

d2 /~(#) 
d#~ ~ IR(#*(L))I e ~ (2.46) 

On the other hand, 

~ R(#*(L)) ~< O(L) 1~7~(p*(L))I (2.47) 

due to (2.42) and the fact that 

If+(#*(L))-f_(#*(L))l<~e ~ o(l~lL 
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Then, applying the second-order Taylor formula for /~(#) in powers of 
# - # * ( L ) ,  we obtain (2.29) for v = 1. | 

Proo[ o[ Lernma 2.3. The best bound on dR~d# is obtained from 
(2.42) and (2.44) if v > 1, and from (2.46) and (2.47) if v = 1. We obtain 

L v (#) <O(1 )~ IEI+]#_# . (L ) ILVeO(L) ]  

Hence, for l # -  #*(L)I ~< e -r the bound (2.34) holds. For larger values S 
cannot be too small, and so by using (2.29) also we obtain 

L -  - dR eE~/2+o(1)3L~-2 1 v R ( 3  2 _~_ ~1~2) 1/2 

which completes the proof. | 

In order to prove Theorem B, which covers the whole region 
]#-#*1 ~<O(1), we recall the definition of high- and low-energy phases 
introduced in ref. 9. If ] # -#* r  is so small that 

/ /If+ (#) - f -  (#)l LYe< ~v13 (2.48) 

the set Qs(L) of low-energy phases is just the whole set { + , -  }, while 
Qs(L) contains only the phase m with 

fro(#) = f (# )  -- min fro(U) 

if the condition (2.48) is violated. In ref. 9 the concept of high- and low- 
energy phases was introduced to distinguish between phases which (for a 
given cross section L") are stable against perturbations with bubbles of all 
other phases (and hence may be analyzed .by convergent cluster expan- 
sions), and phases which are so heavily suppressed that they do not 
contribute to the leading asymptotics of Zper; see Section 2 of ref. 9 for 
details. As a net result, one obtains the following generalization of 
Theorem A: 

T h e o r e m  A'. Let z be sufficiently large, t>~vlogL, let N ( L ) -  
IQs(L)I, and define 

z*=min{z ,  min E f m ( # ) - f ( # ) ] }  (2.49) 
r Qs(L) 

Then there is an N(L) • N(L) matrix R such that the statements (i)-(iv) of 
Theorem A remain valid with v replaced by ~* in the bound (1.5). 
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Remark. If the condition (2.48) is valid, Q , (L)=  { + , -  }, z* =r ,  
and the bounds of Theorem A' are just the bounds of Theorem A. If, on the 
other hand, (2.48) is violated, IQ,(L)I = 1 and Theorem A' states that there 
exists a function f (L ,  #) with 

such that 

~fl(.~( L,t~)-  f (L))  <<. O(e E~ o~)1) (2.50) 

kd)_y {Zpor( V, U) -- exp[ --~Y(U)I Vl ] } 

<~exp[- f i f (L ,#)]V]]exp{-[r*-O(1)] t }  (2.51) 

Proof of Theorem B. Since Theorem B covers the whole region 
[# -#* [  ~< O(1), we must piece together the cases covered by the theorems 
of this section. 

(i) [#--#*[LV~<l. We apply Theorem2.1, noting the changes 
O(e E~ O(1)~L) between f+,  Mo, AM, and their L-dependent versions. 
There is a similar change in ~L between the two theorems if v t> 2. But it 
can be checked that the changes 

y s ~ y B [ l + O (  e I v -  O ( 1 ) ] r ) ] ,  yc___~yc[l+O(e--[T--O(l)]C)] 

affect the scaling function in a manner which can be written as 

Y(YB, YC) --* Y(YB, Yc)[ 1 + O(e E~-O(IlIL)] 

Furthermore, since I Y(yB, Yc) I ~< 1, this change and the other terms in 
(2.27) fall within the bound desired in Theorem B: 

Mper(V, m) = mo + AMY(yB, Yc) + O(e-E~-~ 

+ O(e - E~- O(1)] ,) ~_ 0(/2 - -  ]~@) (1.14') 

(.ii) 1 ~< [#--#*tLV<~ (13r/32)(AM) ~. In this case yc>exp[O(r)L ~] 
and 

Y(YB, Yc) = (tanh YB){ 1 + exp[ -- O(z)L ~] } (2.52) 

We may apply Theorem A' with N(L)= 2, obtaining the following matrix 
for the eigenvalue calculation: 

R = e  fL~(l+e O(~)L Ro ) 
R o e (f--f+)L"(l+e O(~)L) 
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with Ro=expE-O(~)L~]. Here we take the case f+  < f  , in which case 
( f  -f+)LV>>-O(1)because r#-#*[LV~>l. Thus, I R + + - R  I ~<O(1) 
and R0 perturbs the diagonal part of R with no small denominator. Hence 
the eigenvalues are 

)~+(L)=e f+-c~(1 +e -~ 

Proceeding to Mper(V, 12), we have 

Mper( V, 12) = M +  ( t ,  12) ,~ + ( Z )  t + M _  ( t ,  12) )~ _ ( t )  t 
2+(L) '+2  (L)' +O(e t~ o~)1,) 

where M+ are defined by (2.4). Letting Mo(L, 12)+_ AM(L, 12)= M+(L, 12), 
this becomes 

Mo(L, 12)+ AM(L, 12)tanh {2 [log2+(L)-log)o ( L ) ] } + e  o(,), 

= Mo + AM tanh I2 ( f  + LV - f LV)l + e-~ + e-~ + O(12--12* ) 

= M o + z I M t a n h y s + e  ~ oI~)'+O(#_12, ) 

Together with (2.51) we get (1.14). 

(iii) (13~/32)(AM)-' ~< 112-12"1L~'--.< O(I)L ~. In this case Yc >~ 
exp[O(r)L v] and yB>>. O(r)t, so 

Y(yB, Yc)= 1 + exp[-- O(r)L v] + e x p [ - O ( r ) t ]  (2.53) 

Theorem A' applies with N(L)= 1 and 

R = )~(L) = e fL"(1 + e --~ 

Taking again the case f+ < f _ ,  we find 

Mp~(V, 12)=Mo+ A M + e  ~ +e o(~)'+O(12--12. ) 

and together with (2.53) this completes the proof. | 

3. CROSSOVER FINITE-SIZE SCALING FOR POTTS M O D E L S  

In this section, we consider the q-state Potts model, which is a spin 
model with spin variable 

0" x~7/q  :---- { l , e  2•i/q ..... e 2ui(q l)/q} 
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and Hamiltonian 

/4=- �89  y~ ~(~v,~) (3.1) 
x,  y 

I x  y l  = 1 

where 8 is the Kronecker delta. As the inverse temperature/3 is varied, the 
model undergoes a phase transition from a disordered high-temperature 
region ~ </?, with a unique infinite-volume phase to an ordered region 

>/~, where q different low-temperature phases coexist. If q is sufficiently 
large, this transition is first-order, and the model is an example of a 
temperature-driven first-order transition where q ordered low-temperature 
phases and one disordered high-temperature phase coexist at the transition 
point/~,. 

For sufficiently large q and cubic boxes V, or more generally for 
cylinders V which obey the condition (1.2), finite-size scaling of the internal 
energy 

1 d 
Eper( V, ~) := - [V-~ Jfi log Zpe~( V, ~) (3.2) 

and of the specific heat 

~) := -~/~2 ~ Epe~(V, p) (3.3) Cp~r(v, 

can be derived from the ansatz 

Zper(V,~)= e r3,~r e ~l;I/~kVl+O(q hminl,.L~) (3.4) 

for the partition function. {3) Here I Vh is the volume of the box V, /3 is the 
inverse temperature, b > 0 is a constant which depends only on the dimen- 
sion v + 1, and fm(~) (m = o, d) is some sort of metastable free energy of 
the phase m. It may be chosen as a C 6 function of ~ such that fo(P) is equal 
to the free energy and fa(~)> f(/~) if/~ > fi,, while fj(/~)is equal to the free 
energy and fo(~) > f(/?) if fi > ~,. 

Here we derive the finite-size scaling (FSS) of Epe~(V, fl) for cylinders 
which obey a condition 

t >~ v log L (3.5) 

To this end we need a suitable version of Theorem A for the Ports model. 
Using a combination of the methods of refs. 9 and 3, such a theorem has 
been proven in ref. 17. For the convenience of the reader we restate this 
theorem below as Theorem 3.1. Our notation is as follows: Zpr V,/?) is the 
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periodic partition function in the cylinder V, I vI : L"t, fi is the inverse 
temperature, fi, is the transition point, aod is the infinite-volume surface 
tension between the disordered phase and the ordered phases, and fo(fi), 
fa(fi) are the metastable free energies introduced above. Throughout this 
section we will use b, bo, bl, etc., for constants b > 0, bo > 0, bl > 0 which 
depend on nothing but the dimension v + 1. 

T h e o r e m  3.1. Let q and L be sufficiently large and assume that 
Ifd(fi) - fo(f i )[  LV ~< 7rl,  where 

( 1 1 ) l o g  q 
r l =  2 v + 2  4 v + 2  

Then there are real-valued functions fo(L, fi), fd(L, fi), Foo(L, fi), Fdd(L, fi), 
and Fod(L, fi), forming (q +  1)x (q +  1) symmetric matrices F and F, 
as follows: F is the diagonal matrix with matrix elements Fo0 = 
exp[ --fifd(L, fl)L'], Fro,, = exp[- f i fo(L,  fi)L"] (m = 1 ..... q), and F is the 
matrix with matrix elements Foo= Fdd(L, fi), Fore =Fmo = Fod(L, fi), and 
F,,,, = Foo(L, fl) (m, n = 1,..., q). The following statements hold for k ~< 6 and 
some b > O. 

(i) Let t>~vlogL.  Then 

d~ [_Zper(~/.  ~ fi)_tr(F+Fl/2f.F1/2), ] <.e ~flVIq-bt (3.6) 

(ii) Let 
1 

z = - -  l o g q = a o j + O ( q  h) 
2 v + 2  

Then 

(iii) 

fi) -f~Foo(L , <~e -[2~-0(1)3L~' (3.7a) 

~k O(llJLr Fdu(L, fi) <~ qe F2~- (3.7b) 

d~ [3) Fod(L, <~ e -~-~ (3.7c) 

We have the condition 

_ f i f , . ( / ~ ) ]  ~< [flf,(L, fi) q-bC (3.8 ) 
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(iv) There is a (q-dependent) constant Coa> 0 such that 

~CodL-1/2e ~~176 v + l = 2  (3.9) 
F~ = [e ~~176 + O(q bL)], V + 1 ~> 3 

provided I/3 --/3,J ~< q-bL/2. 

Remarks. (i) The leading contributions to Foo and Fed are terms 
involving two interacting interfaces. This explains the fact that Foo and Fdd 
are roughly given by (Foe) 2. The additional factor of q in (3.7b) comes from 
the fact that these interfaces enclose an ordered region (which corresponds 
to q different ordered phases) if the outer region is disordered. 

(ii) The reader may have noticed that the above condition that L is 
sufficiently large is not present in Theorem A. In ref. 17 this restriction is 
used as a technical tool at several places, e.g., in the proof of the decay 
condition (2.7) of Section 2 of ref. 17. It is clear, however, that this condi- 
tion is not a purely technical condition because the transfer matrix r for 
L = 1 has rank q, which would not be compatible with (3.6) if L = 1 were 
an allowed value for Theorem 3.1 (recall that F and F are matrices of rank 
q + l ) .  

Computation of  Eigenvoluos. The first step in deriving the scaling 
form for the Potts model is a computation of the eigenvalues of the 
(q + 1) x (q + 1) matrix 

R = F+ F1/2FF 1/2 

By Theorem 3.1, Zp~r(V,/3) is well approximated by tr T'. 
The calculation is simplified by noting that any vector of the form 

(0, vj ..... Vq) with 52 v i=0  is an eigenvector with eigenvalue 

2• = exp[ - /3fo(L,/3)L v ] (3.10) 

Thus 2• is (q-1) - fo ld  degenerate. On the remaining subspace of vectors 
of the form (vo, v ..... v), the eigenvalues are obtained by diagonalizing the 
effective 2 x 2 matrix 

[ (1 + Fdd)e -'efd(L''6)L~' ~ Foae- (fl/2 )[fu( L'fl) + fd(L'fl) ] LV~ 

(1 + qFoo)E flf~ / 

(3.11) 

If we define 

/3fo(L, /3) =/3fo(L,/3) - L ~ log(1 + qFoo ) (3.12a) 
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(3.12b) 

(3.13) 

,•(L, f i* (L) )= ~o(L,/3*(L)) 

/i/. II 

//f•f{d L dl 

/ / / / /  / 
/ IP 
' ~ - I  ~-/~'(C) 

gXi ~ =/5ok d'1 

Fig. 1. The avoiding crossing region for the first three eigenvalues of -log/?. The eigenvalue 
,;-i is (q -  1)-fold degenerate. To make the figure better readable, we have subtracted a term 
�89 +/?]'alL,. from all curves. 

(3.t9) 

fliTs(L, fl) = flfa(L, fl) - L - v  log(1 + qFaj  ) 

1 [~]~(L, ~ ) -  I~Yo(L,/~)]C v 

A = exp - ~ (~o(L,/~) + f d ( L ,  /~) L v (3.14) 

F~ (3.15) 
/~~ (1 + Fad)l/2(1 + q['oo) 1/2 

then fi can be written in a form familiar from the two-phase case: 

( e x p ( - ~ )  x ~ F o a ~  (3.16) 
/ ~ = A  \ X/-~rod exp()~)] 

Thus the remaining two elgenvalues may be computed  as 

2 _+ = A [cosh 2 _+ (sinh 2 2 -I- q/~d)1/2 ] (3.17) 

The degenerate eigenvalue can be rewritten as 

2~ = A(exp 2)(1 + qFoo ) -1 (3.18) 

The eigenvalues are plotted in Fig. 1. 

Defini t ion o f  Scal ing Voriablos. We define an L-dependent  "transi- 
t ion point"  f l*(L) by the equat ion 
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i.e., where 2 = 0. A "correlation length" ~L may be defined by the relation 

~ f ' - x f q  P o j ( f i * ( L  ) ) (3.20) 

The true correlation length in the time direction is 

~L, = [log(2+/2• --1 

since 2+ and 2• are the two largest eigenvalues. However, at fi*(L), ~(i I 
and ~[~ differ by only O ( q ~ 2 a ) + O ( F o o )  - 0 ~ - ( 2 - ' : ) ~ -  , . L  ,, SO that ~:ll = 
~L[1 + O(~L(~--~I)]. Thus, there is no harm in using the more convenient 
definition. 

Next we define the L-dependent internal energies 

Eo.d(L)  = d  [f l fo.d(L ' fl*(L))] (3.21) 
up 

and write 

# = �89 [#~(L) + #o(L)] ,  ~ '~=  �89 [#~(L) - f~:o(L)] 

By (3.7), (3.8), and (3.12), 

IE-P,I, IAE-~EI <<.q bL (3.22) 

where E, A E  are the corresponding L = oo quantities. Similarly, we have 
I f l , -  fl*(L)l ~< q-bL, which verifies (1.16) of Theorem C. Finally, we define 
scaling variables 

y ~ = tLV[fl  - fl*(L)] J E  

y c = ~ L L"[ f i  - fl*( L ) ] A E  

(3.23a) 

(3.23b) 

Derivation of the Scaling Function. As in two-phase case, it is 
worthwhile deriving the scaling form heuristically before carefully going 
over the approximations involved. We approximate the eigenvalues for 
small 2, F as 

,)~ + = A [ 1 ~ (22 -b ~L2)b'2],  ,),• = A( l  + 2) (3.24) 

Theorem 3.1(i) implies that for k 4 5 

Epcr(V, f l ) - ~ E , ( L ,  f l ) P , ( V ,  fl) < .O(q  b,) 
i 

(3.25) 
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where i runs over q + 1 values corresponding to the q + 1 eigenvalues 2• 
21, and 

v d  Ei(L, fl) = -L-  ~ log 2~(L) (3.26) 

P,( V, fl) = 21(L )' )~/(L)' (3.27) 

Approximating 2 as 

[~ P*(L)3 
L" J,,.(L~ ~,~ 

we find that 

~f;' .~ L AE E+(L, fl)= E, T- L -v - ET- (~2 + ~2-2),/2 [1 + (~4L)2] 1/2 

=E-T- ycAE 
(1 +y~)l/~ 

We ignore the fl dependence in ~/~ and work to first order about fl = fi*(L). 
Note that 

2+(L) '~A'exp +-~L[(2~L)2+ 111/2 

r t 
2• ~ A exp [ ~  (2~L) 1 

and since t/~L =Ys/Yc, this becomes 

2 + (L)' ~ A' exp [ _  • YcY-s +y )l/2J 
2• ~ A ~ exp y~ 

Putting these computations into (3.25), we obtain 

Epe~= E -  A'E ( {exp [~c ( I + y2c)I/2]-exp l -  Y--~B ( I + 

) 
X ( l + y  c 

,2 )1/2 + (exp YB)(q - 1 ) 

• {exp [~c ( l + y2c)l/2] + exp [-- YB ( l + 

+ (exp YB)(q -- 1 )~ 
1 

) 
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where 

(q - 1 )e y~ + yc(1 + y~)-1/22 sinh [(yB/yc)(1 + y2c)1/2] 
Y(YB, Yc)-- (q -- 1)eY~ + 2 cosh[(ys/yc)(1 +y~)1/2] 

The following theorem, analogous to Theorem 2.1 in the two-phase 
case, gives a precise picture (without errors q-bY) near fi*(L). 

T h e o r e m  3.2. Let q and L be sufficiently large and assume that 
Ifl-fi,lLV~<l. The eigenvalues of the matrix F+FI/2FF 1/2 obey the 
following estimates: 

Z+(L)=A e x p ( O ( ~ 2 ) + ~ - ~ { 1  + y 2 [ 1  +O(fi-fl*(L))]} 1/2) (3.28a) 

2• ~2 ~))+~lyc[ l+O(f l - f i*(L))]}  (3.28b) 

Furthermore, in the cylindrical volume V= L~t with t ~> v log L, the inter- 
nal energy is described by 

Eper( V, fl) = E - z~E~Y(yB, Y c )  -~- O(q -b,) 

+ O ( ~  -~1 -~)) rain{ 1 + lYc[, YB/Yc} + O(q Ifl- fl*(L)l) (3.29) 

Finally, 

~C(q)L1/2eB~176 + O(L-1)] ,  v -- 1 

~'L=(q-1/2e~~176 + O(q-bL)], V~>2 (3.30) 

Proof. We shall need estimates analogous to Proposition 2.2 and 
Lemma 2.3 on the variation of hod as a function of ft. The situation here is 
somewhat simpler due to the fact that bounds on the logarithmic derivative 
of Fod are available. In ref. 17 it is shown (Theorems 2.1 and 2.2) that 

_~dk Fo ~ dk , -~Faa <--.e -E2~-~ (3.31a) 

~ Foa <~ O(L~V)Foa (3.31b) 

provided k~<6 and a:=fllfo(fl)-fa(fl)l<~(7/8)z~L -~. With Foa= 
Foe( 1 + Fad)-1/2(1 + qFoa ) 1/2, it is immediate that Idro,ddBI <~ O(LV)Po~. 
Hence, for [fl - fl*(L)l L v ~< 1 we have 

x/q Fod(fl) = x/q Foa(fi*( L ) ) expEO(I/~ -/~*(L))I LV)] 

= ~L- ~E 1 + o( Ip  - / ~ * ( t ) l  LV)] (3.32) 

L -v t d~~ ~< 0(r (3.33) 
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Rather than expand .~i in terms of/3-/3*(L) to produce a result like (2.15), 
we analyze log 2~. With C = cosh 2, S = sinh 2 we have 

2+2 ,r.2 ~/2q l q_Po2a A 2 - [ c + ( s ~ + q P L ) I / 2 ] [ c - ( s ~ + ~ _ o a ,  , =  - 

so by (3.32) it follows that 

(fl~+)o)l/2=Aexp[O(~L2)] (3.34) 

Proceeding as in the proof of Proposition 2.5, we find that 

,~2  ~ 1/2 �89 ) = ( 2 2 + ~ _ o a ,  [ 1 + O ( ~ - 2 ) ]  

= (2 ~ + ~ [ 1  + 0(2)3 }1/~ [1 + o ( ~ ) 3  

=(22+~L ) ~ l + ~  

- 2  = ( 22 + ~L ) + o ( ~ i  2) (3.35) 

Recall that 

1 L X = ~ [/3f~C ,/3)-/3YotL, 13)3 L v 

=3E( f l - /3* (L) )  LV[1 + O(/3-/3*(L))] (3.36) 

so in terms of the scaling variable Yc = ~LL~'[/3- fl*(L)] AE, 

�89 + y ~ [ 1  + O ( f l -  /3*(L))] } ~/z + o ({  F 2) 

Taken together with (3.34), this proves (3.28a). The bound (3.28b) on 2• 
follows immediately from (3.18); we can bound qFoo by a power of ~[2 
using Theorem 3.1. 

In order to compute Eper(V , fl), we follow the prescription given in 
(3.25)-(3.27). The calculation of E+(L, fl) is virtually the same as the one 
for M~.2 in the proof of Proposition 2.4. We state the result: 

E+ + E E'(L,/3) + O ( ~  1) (3.37a) 
2 

Yc E + - - E  3E(L, fl) (l +y2) l /2+O(~[ l  ) (3.37b) 
2 c 
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Here 

E(L, fl) - d~ \ 2 

AE(L, ~) d f l \  2 " 

The remaining internal energy is 

d 
E• fi) = - L - v  ~ log 2• 

ap 

=~(L,  p ) _ L _  ~ d 
log(1 + qFoo)-  AE(L,  fl) 

= P ( L , / ~ )  - a E-"-(L,/~) + O ( ~  ~2- ~)) (3.37c) 

The other part of the formula for Eper(V, fl) is the relative weightings 
Pi. Using (3.18), (3.34), and (3.35), we obtain 

P +  - P  _ 
2 sinh{t[(22 + ~[2),/2 + O(~L2)] } 

2 cosh{t[0? 2 + ~[2)1/2 + O(~i2)]  } + (q _ 1) e x p [ t ( 2 -  Xo) ] 

(3.38a) 

exp It(2 - x0)] 
P• - 2 cosh{ t[(ff 2 + ~/2)1/2 + O(r } + (q _ 1) exp[t(2 - Xo) ] 

where 

Xo = log[-(1 + qFo~)(1 - q I ' 2 d ) l / 2  ] = O(~L (2-e)) 

We would like to pull out x 0 and O(~L 2) as additive 
P+ - P _  and P• To this end, we rewrite 

P+ - P  
1 - (;~_/;~ + )' 

1 + ( 2  /)o+)' + (2• 

()~ 1 / 2  + )' 
P •  / 2 + ) ' + ( 2 •  

and prove the following result. 

(3.38b) 

corrections to 

822/'69/3-4-5 
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Lemrna 3.3. Let q and L be sufficiently large and assume that 
rfl-fl,lLV<~ 1. Then 

1(2 /)~+)'--exp[--2t(~2+~[2)l/2]l <~0(~[ 1) (3.39a) 

and 

,(2• _2 1/2 { Ye} + ~ c  ) ---~]]~<O(~L(I-~)) min l + l Y c l , ~ c  

(3.39b) 

ProoL The bound (3.39a) is trivial. In order to prove (3.39b), we 
may assume without loss of generality that 

Y_~B ~[(~ ~) =/~(2-e.)< 1 (3.40a) 
Yc 

or 

~11 ~)IYcF ~< 1 (3.40b) 

because the rhs of (3.39b) is just 0(1) if both (3.40a) and (3.40b) are 
violated. We then use the bound e ~ -  1 ~<6e ~ [with 6 = O(t~[2)+ tXo= 
o(t~L (2 ~))] to bound the lhs of (3.39b) by 

O(tr (2-~)) exp{ - t [ ( f f  2 + ~ L 2 )  1/2 - -  .3~- O(I~L (2 e))] } 

If the bound (3.40a) is fulfilled, we conclude that the lhs of (3.39b) is 
bounded by 

O(t~L(2 El) exp{ - t[(22 + ~L2) 1/2 - 2]  } 

< ) = 0  ~--~c~L -r e x p { - O ( y ~ ) [ ( 1  + y c 2 )  ~/2- 1]} 

~< O(~Z(I_~)) min ~YB, 1 } 
(Yc lycl [(1 +yc2)  1/2- 1] 

[ (1-~)) min (YB, 1 + ]Ycll ~< 0(~ 
(Yc ) 

We have used that 

t)? = y e [ 1  + O(f l - /~*(L))]  (3.41a) 
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that which follows from (3.36). If (3.40b) is valid, we use the fact 
2 =  O ( y c ~ [  1) to bound ~[-(2 ~/121 by O(~[2). As a consequence, 

(22 + ~L2) 1/2 > !21 + b~L (2 g) 

provided b > 0 is chosen small enough. We conclude that 

O(tCL(2--e)) < �89 [(22 + ~" 2 I/2 1 ~L ) -- IXl ] ~ 5 [()'~2 + ~L 2)1/2 __ X] 

provided L is large enough. Using this bound, we may continue as 
before. | 

Combining Lemma 3.3 with (3.27) and (3.37), we obtain 

gper( V, fi) 

= E(L, f l )+ 0 ( ~  (l ~ ' )min{ l+lyc l ,Y~c  } 

+ 0 (~2 '  ) + O(q-b') _ dE(L, fi) 

2 sinh{ [(t2) 2 + (yB/Yc) 2] ~/2} yc(1 + y2) ~/2 + (q _ 1) exp(t2) 
2 cosh{ [(t2) 2 + (ye/yc) 2 ] 1/2 } + (q _ 1) exp(t2) 

Finally, we expand in f l - f l * ( L )  using (3.41a) and 

AE(L, fl) = AE + O(fl - fi*(L)) (3.41b) 

E(L, fl) = P, + O(fl - fl*(L)) (3.41c) 

Once again there is a problem with pulling out the correction. After 
dividing through the numerator and denominator, the only tricky term is 
the derivative of 

( q -  1) exp(tM1 + 6 ) -  { It2(1 + 3 ) ] 2 +  (yB/yC)2} 1/2) (3.42) 

in ~ [which stands for O(fl - f l*(L))] .  The logarithmic derivative of the 
exponent is bounded by a constant, so the derivative of (3.42) is bounded 
by O(q). Hence we may replace t2 with YB is we add an error 
O(q [f l -  fl*(L)] ). Bounding O(~.[ 1) by O(q-bC), this completes the proof of 
(3.29). 

The last statement of Theorem 3.2 follows immediately from Theorem 
3.1(ii), (iv). [-Recall that ~-lL = x / q r o a (  1 +rda)-*/2(  1 +qFoo) 1/2.] | 

Proof of Theorem C. We consider three cases: 

(i) Ifl-fl,lLV<~ 1. By (3.22), �89 differ from ~7, A'E'by q-O(l~L 
This induces changes 

y~--+ yB[l +O(q-O(1)L)], yc -*  y c [ l  +O(q-O(llC)] 
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going from Theorem 3.2 to the simpler definitions (1.18), (1.19). Note that 
YB/Yc is not changed. Checking the effect of these changes on P+ - P and 
P• as before [see (3.42)] and observing that 

yc(1 +(5) Yc 
[1 +y~-(1+6)~] "~ (1 +y~)'/~+ 0(6) 

(with 6 = q  o(~)L), we obtain 

Eo+Eaq  E o - E a  q O(I)L o(1)t 
Epe~( V, fl) - 2 ~ Y(YB, Yc) + + q 

+ O ( q l H - H * ( L ) l ) +  O(~[(~-~))min { 1 +  lYcl, Yy~c } (1.21') 

(ii) l~<If l - -~ ,ILV<~(13/32)(AE) ~r~.Inthiscaseyc>~O(~L) andwe  
may perturb away y c  2 in 

Y(YB, Yc) -- 
(q - 1 )e -~'~ + ~ - l(e~Y~ - e ..... ~) 

(q - 1)e y~ + (e ~y~ + e ~vB) 

where ~ = ( 1 + y c 2 ) 1 / 2 = 1 + 0 ( ~ 2 ) .  We distinguish two cases: either 
rY~l ~< log ~c, which implies I~YB--YBI = O(~i  (2-~)) and hence 

Y(YB, Yc) qe~B - e~'B + O(qr 12-~)) 
qe -~'~ + e --~'B 

=- T(y~) + O(qr ~ (2 ~)) (3.43) 

or lY~P ~>log~L, in which case both Y(YB, Yc) and T(ys)  are equal to 
s g n y e +  O(q~L 2) = s g n y e +  O(~s (2 ~)), which gives again the bound 
(3.43). By Theorem 3.1, the matrix F+F1/2FF 1/2 governs the behavior in 
the region (ii), and its eigenvalues (3.17), (3.18) can be approximated as 

2 + _ = A [ e x p ( 4 - 2 ) ] [ l + O ( ~ i 2 ) ] ,  2 •  

(3.44) 

Noting that we have good bounds on dF~/d~, a calculation shows that 

E+(L, /~)= - L - V  ffflfl log 2_+ =E(L,/~) ~-A'E(L, /~) + O ( ~ /  1) 

E• fl) = - L  - " ~  log 2• = ~7(L, fl) - ~'ff(L, fl) + O( (L  1 ) 
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[The error term in E+ is essentially the third term in (2.33) and is easily 
bounded.]  Putting these results together, we obtain 

2 sinh t(2 - Xo) + (q - 1 ) exp[t(2 - x~)] 
Epic( V, fi)= E(L, f l ) -  AE(L, fl) 2 cosh t ( f f -Xo) + ( q -  1) e x p [ t ( 2 - X l ) ]  

+O(~)+O(q % 

where Xo= O(r Xl = O ( ~  -/2 ~1). If 12lt>~log r e x p ( - 2 t 1 2 - X o ] )  and 
e x p ( - 2 t l 2 - x l l )  are O(r ~2-~)) and 

Eper( I7, fl) =/~(L, fl) - J"~(L, fl)[1 + O(~L t2- ':))] + O(r  1 ) + O(q h,) 

= E(L, [3) -- AE'-'~(L, [3) T(2t) + O(~ L 5) + O(q h,) 

If 12tt<log~_L, we pull out a correction O(q)(tlx~l + Ixol)~ < 
0(q~[r ~1 log ~L)= O ( ~  ~)). Again we find that 

Eper(V,[3)=E(L,[3)-AE~(L,[3) T ( 2 t ) + O ( ~ [ l ) + O ( q  ~') (3.45) 

Combining (3.45) with (3.41) and (3.43), we obtain that 

Ever( V, [3) = E(L) - dE(L)  Y(Ys, Yc) + O(r 1 ) ~- O(q b,) + O(q([3 -- [3*(L)) 
(1.21 ") 

(iii) (13/32)(AE) 1~ ~< 113_[3,1L v. Here lYc! >~exp[O(r , )L ' ] ,  tYs[/> 
O(z~)t, so that 

Y(Ys, Yc) = sgn(fi - [3,) + q-O~C"l+ q 0,~ (3.46) 

We need a replacement for Theorem 3.1 when the ordered and disordered 
states are widely separated in energy. The following theorem, proven in 
ref. 17, provides the necessary information. 

T h e o r e m  3.4. Let q and L be sufficiently large, and assume that 
43-rl ~< Ifa([3)--fo([3)lLv<.O(1)LL Then the following statements hold for 
k ~ < 6 a n d s o m e b > 0 .  

(i) If [3 < [3,, then there exists F'ad(L, P) satisfying (3.7b) such that 

d~--~k e-/~Ja(L'/3)L' } ' ) (Zper(V, [3)-- {[-1 +F'dd(L, [3)] <<e-~fl<q e, 

(ii) If [3 > [3,, then there exists F'oo(L, [3) satisfying (3.7a) such that 

ds~okk [Zpe~(V, [3) -- t r (F+  FI/ZFF1/2) ' ] <~ e-fl fIVIq bt 
ap 
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where /7, F are q x q  matrices with matrix elements Fm,=Foo and 
Fro,, = fro, exp[ -- ~Jo( L, /~) LV ]. 

Recall that Ever(V,/~) is approximated as a convex combination of 
E~= - L  V(d/d~)log 2~, where 2~ are the eigenvalues of F +  F~/~FF m. If 
/3 < fl,, there is only one 2~, and the corresponding energy is 

d 
E,  = ~ [~ f~ (L , /~ ) ]  + O(~s ~ ~') = E~+ O(~1 ~ -~ )  + O@-/~,)  

ap 

If/~>/~,,  the eigenvalues are exp[- /~fo(L,  fl)L ~'] and exp[-[3fo(L, f l)L v] 
[1 + qF'o(L,//)],  the former with multiplicity q -  1. All of the energies, 
however, obey the same estimate: 

Ei = Eo + O(r163 12 ~)) + O(/~-/~,) 

Putting these facts together with (3.46), we obtain (1.21), and the proof of 
Theorem C is complete. | 

4. C R O S S O V E R  F IN ITE-S IZE S C A L I N G  FOR FREE B O U N D A R Y  
C O N D I T I O N S  

In this section we consider volumes where we impose free boundary 
conditions in the directions transverse to the time direction. We therefore 
take volumes of the form V= A x T, where A is the v-dimensional box 
{1, 2,..., L} v and T is the torus Y_/(tZ). In order to avoid technical com- 
plications, we only consider the standard Ising model. For this model, the 
partition function with free boundary conditions is just 

z 
a v  < x y )  ~ VI x E  V 

where the first sum goes over all configurations av: V ~  { - 1 / 2 ,  + 1/2}, 
while the second sum goes over the set V1 of all nearest neighbor pairs 
{x, y} for which both x and y are in V. We recall that the infinite-volume 
transition takes place as # crosses the point/~* = 0 due to the _+ symmetry 
of the model. We use a to denote the infinite-volume surface tension, f ( L )  
to denote the free energy in the infinite cylinder V~ := A x Z, 

- ~ f ( L )  := lim 1 v -  v~ ~ log Zfree ( V, ~/) (4.2) 

and f +  = f e ( g )  to denote the metastable free energies introduced in (1.1) 
(their existence is guarantied by Theorem A). Our main result for free 
boundary conditions is then summarized in the following theorem. 
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Theorem 4.1. Let /~ be large and ]#lLV~ 1. Then there exists a 
2 x 2 symmetric matrix R = R(L, lz) with strictly positive entries, such that 
the following statements are true. 

(i) For t>~vlogL and for 0~<k~<4, 

d k 
dp ~ [Zfree(V, #) -  Tr R'] <. e l~f(c~lVbe u~-o(1)3t (4.3) 

(ii) R++(L,#=O)=R (L , / z=0)  

(iii) [L-VlogRmm+ (#)] <<.O(L 1), m e { - ,  +}  (4.4) 

d k 
(iv) ~ R +  <<.e &"(L)L'e [/3--O(1)3L' (4.5) 

(V) There are constants bo,...,b,._l such that 

R+ (L,/~ = 0) 
R+ +(L,/~ = 0 )  

= exp( - /~aL v) exp ( - v ~ l  biLi)(l+ O(exp{- I - /~ -  O(1)3 L})) 
i = 0  

(4.6) 

provided v + 1 ~> 2. 

Remarks. (i) If one defines 

fljZ+(L,/~) = - L  v log R+ + (4.7) 

fl~7_(L, #) = - L  v log R _ _  (4.8) 

x=~  I-L(L, #)-Y_(L, ~)3L v (4.9) 

F=F(L,#)=(exp{~[~+(L,#)+ y (L,I~)]LV})R+ (L, IO 

(4.10) 

then the two eigenvalues of R (and hence the two lowest eigenvalues of the 
transfer matrix g )  are 

( 2+ = \ e x p  ( -  [jT+(L, ~_(L,  (s inh2x+ F2)1/2 l 

(4.11) 
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As a consequence, the spectral g a p  ~L 1 in the infinite cylinder V~ at # = 0 
is related to the surface tension a by the equation 

L ] L := log(2 ) ' - )  ~=o 

where 

D(L) = ~  exp hi Li ( l+O(exp{-[ f l -O(1)]L))  (4.13) 
i 

Note that D(L)=O(1) for v +  1 =2 ,  in accordance with the results of 
refs. 18-20. 

(ii) As in the periodic case, the finite-volume magnetization is given 
by an equation of the form (2.3), i.e., 

Mfree(V,#)-~Mi(L,#)P,.(V,p) ~ e  E~ Ofl)1, (4.14) 
i 

if k~<3, t>~vlogL, and I#IL"-~< 1. Here 

1 d 
M +(L, #) =- L--= ~ log 2+ (4.15) 

P+(V,#)-2'+(2+ +)~)  ' (4.16) 

We leave it to the reader to use the methods of Section 2 to obtain an 
analog of Theorem B for free boundary conditions. 

We now sketch the main ideas of the proof of Theorem 4.1, leaving 
some of the more technical details to the Appendix. As usual, we define the 
contours corresponding to a configuration a v as the connected components 
of Oar, where &r v is the set of v-dimensional faces dual to the bonds 
( x y )  E Vl for which axr a~.. We distinguish between long contours, which 
wind around the cylinder in time direction, and short contours, which do 
not. For  short contours we distinguish between interfaces, which are those 
short contours which are perforated by all timelike loops 5 in V1, and 
ordinary contours, which are those short contours Y for which it is possible 
to find a timelike loop in V~ which does not perforate Y. 

Neglecting configurations crv for which c3a v contains long contours [as 
shown in the Appendix, these configurations only contribute to the error 
term in (4.3)], we then consider the partition function Zres(V, #) which is 
obtained from Zfre~(V, #) by restricting the sum in (4.1) to those configura- 

5 We call a closed line in V timelike if its closed via the periodicity of V. 
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tions for which 0or v is only made of interfaces and ordinary contours. If the 
condition ]#tLV-..< 1 is fulfilled--as we assume from now on-- the  gain in 
energy resulting from the insertion of an ordinary contour with interior 
Int Y into an unstable phase is bounded by IY[ lint YI ~< I#lLVl YI---< IYi, 
leaving an effective decay exp[ - (/?1YI - I#] lint YI )] ~< exp[ - (/3 - 1 )1Y] l- 
As a consequence, we can use a convergent cluster expansion to resum the 
ordinary contours in Zres(V, #). This leads to effective free energies 
f+(l~,L) for the regions between interfaces, an interaction term 
exp g( Y, Y') for neighboring interfaces, and a modified weight ~c(Y) for the 
interfaces. As a consequence, 

Zres( V, y) = e -~/+(L'~)Lvl + e I~J-tL.~,)lvl 

i '  + - ~ I l lr  e-/Sl;~c'"llVile g(r~'r~+') (4.17) 
n = l  n YI,. . . ,Yn i 

where the second sum goes over interfaces Y1,..., Y,, that are chronologi- 
cally ordered, Vi is the region between Yi and Yi+I, f i = f +  if V~ is in the 
+ phase, and f~ = f _  otherwise. The factor 1In in the above sum accounts 
for the fact that cyclic permutations of Y1,---, Y, correspond to the same 
configuration in Zres( V, y). 

Comparing (4.17) to the corresponding expansion for periodic 
boundary conditions, we note two main differences: first, the L dependence 
of f+ (L ,  #) is much stronger then before. For the periodic case, we had a 
bound I f + ( L , # ) -  f+_(#)l<..e E~ oll)lL, while now 

f_+(L, ~) - f •  O(L -1) (4.18) 

due to the presence of the free boundary. Second, the sum over interfaces 
is now a sum over interfaces with free boundaries, while the interfaces in 
the periodic case had to match at the boundary [it is this restriction which 
is responsible for the power law correction O(L ~/z) in (1.8); see Section 5 
of ref. 9 for details]. 

Keeping these differences in mind, we continue as in the periodic case: 
we assign a time t (Y)e  T1/2 := {1/2, 3/2 ..... t -  1/2} to each interface Y 
[roughly speaking, t(Y) is the middle point of the smallest interval I(Y) 
such that Y c  A x I(Y)] and define an activity 

r (Y )= tc (Y )exp{ -~ fm_(L ,  #)[IV I - L " l I _ l ] }  

x exp{ -[lfm+(L, #)[I V+ I - L ~ II+/]  } (4.19) 

whe re l+  ( I ) i s t h e p a r t o f I ( Y ) a b o v e ( b e l o w ) t ( Y ) ,  V+ (V ) is the part 
of A x I(Y) above (below) Y, and m+ ( m )  is the label of the phase above 
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(below) Y. With these definitions, the partition function Zres( V~ ~) can be 
rewritten as 

Zres( V~ ]d)= exp[--/3f+ (L,/~)F VII +exp[-fl f_(L,  ~t) I Vr ] 

+ - E Hr(Y,)  
n ~ l  n y l , . . . , y  n i 

x exp{ -flJi(L, #)It( Yi + 1) - t( Yi)] L v } exp Fg( Y~, Yt+~ )] 

(4.20) 

If we neglect the interaction between neighboring interfaces and 
approximate the nonoverlap constraint between Y~ and Y~+~ by the 
constraint t(Y~)< t(Y~+ ~), we can write the right-hand side of (4.17) as a 
trace 

Z~(V, U) ~ tr[F(1 +F~~176 ' (4.21) 

Here F is the diagonal matrix 

F =  d i ag (exp [ - f l f  (L,/0LV], exp[-flf+(L,/~)L~]) (4.22) 

and F ~~ is the 2 • 2 matrix with matrix elements 

F~, ~ = lim ~ r(Y) (4.23) m +  
V ~  Vzc y : t ( Y ) _ t o  

where the sum goes over interfaces describing a transition from the phase 
m_ below Y to the phase m + above Y. Note that F (~ does not depend on 
the choice of to in (4.23), due to the translation invariance in the time 
direction. 

Taking into account the interaction between interfaces requires the use 
of the methods of ref. 9, Section 4. There is, however, no  difference in this 
part of the proof. We therefore only state the result, which is the existence 
of a matrix F with matrix elements 

F . . . . . .  F(ol + O(e- E 2 ~ -  O ( 1 ) ] L " )  (4.24) 
- ~ a m  m 

such that 

-- t r (F+  FV2FF1/2) '] [zro~(v, u) 

~ < e x p [ - f l m i n { f  (L,/0,  f + ( L , # ) } l V J ] e x p { - [ f l - O ( 1 ) ] t }  (4.25) 

dkFm m+ 4exp{- -  [-~-- O(1)]L v} (4.26) 
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provided fi is large enough, k ~ 4 ,  and IglL~< 1. Up to the difference 
between Zf~(  V, #) and Z~e~(V, #) (which is bounded in the Appendix) and 
the difference between f(L) and min{f_(L ,# ) ,  f+(L,/~)} (which is 
O ( e x p { - [ f l - O ( 1 ) l L ~ } )  and therefore harmless) this already proves the 
bounds (4.3)-(4.5) of Theorem4.1 [use (4.18) and its generalizations to 
derivatives to prove (4.4)], while (4.24) reduces the proof of (4.6) to the 
proof of the relation 

= exp(-flr~L~')exp ( - ~ ' ~  b~L')(1+ O(exp{-[fl-O(1)]L})) 
i = 0  

(4.27) 

Note that the right-hand side of this equation is typical for the parti- 
tion function 2 of a dilute lattice gas in a volume A = {1,..., L} *, where 
log 2 contains a volume term proportional to L ~', a surface term propor- 
tional to L ~ ~,..., a corner term O(1), and finally exponential corrections 
due to the finite correlation length of the model. We therefore have to find 
a suitable representation of F(+~ =0)  as a dilute lattice gas with free 
energy density a. 

In order to present the main ideas, let us neglect, for the moment, the 
fact that the resummation of ordinary contours also changes the activity of 
an interface. In this approximation, 

Zres(V,#=O)~e ,S+(L,O/IVi 1 + 1 +  - ~ ~Ie-'LY'le gCv''r'*~ 
n = l  ~ Yl , . . , ,Yn i 

E e 
Y: t ( Y )  ~ to 

(4.28) 

where we used the fact that f+(L, 0 ) = f  (L, 0). Note that the leading 
contribution to the rhs of (4.28) comes from the completely flat surface Yo, 
with I YoJ = L  v- 

Following an idea originally appearing in ref. 10, we now decompose 
each interface into flat pieces (defined as those parts of Y which are 
parallel to the minimal surface Iio and which are simple in the sense that 
all straight lines in the time direction which intersect a flat piece of Y have 
only one intersection with Y) and its walls WI,..., W, (defined as the 
connected components of the part Y* of Y which is not flat). We then 
introduce the floating walls [W1],..., [Wn] of Y by introducing, for each 
wall W of Iq the equivalence class [ W] of walls W' which are obtained 
from W by a translation in the time direction. It is then an easy geometric 
exercise (see, e.g., ref. 10) to show that the orthogonal projections, 
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zc(W~) ..... ~(Wn), of W~ ..... W,, onto the flat surface Yo do not overlap, and 
that two surfaces Y and Y' with the same set of floating walls are identical 
up to a global translation in the time direction. Given, on the other hand, 
a set { [ W1 ],..., [ W,] } of floating walls such that g(Wi) and n(W:) do not 
overlap for i r  (we call such a set an allowed set o f  f loating walls) one 
may actually always construct an interface Y such that [W1] ..... [W, ]  are 
the floating walls of Y. 

We therefore have a one-to-one correspondence between interfaces 
with fixed time t (Y)= to and allowed sets of floating walls. Observing 
finally that 

lyl=r (y)l+ [IW, [IW, I-I (Wi)I] 
i - - I  i - - I  

we find that the rhs of (4.28) can be rewritten as 

Z e-~lrl = e-~L" ~ Z ( I z ( W i ) : = e - r  (4.29) 
Y:t(Y)=tO n--O {[WI],...,[Wn]} i = l  

where the second sum goes over allowed sets of floating walls and 

z(W) := e -aEjw'l -I~(w,)ll (4.30) 

In the approximation (4.28), the rhs of (4.29) is the desired representa- 
tion of F ~  as the partition function of a dilute lattice gas, with 
"molecules" which are just the excitations of the flat surface Y0. This 
function can be brought to the standard form of a polymer partition 
function, with polymers which are just the connected subsets of Yo, by 
resumming, for each set {P1,...,P,,}, all floating walls for which 
~z(W1) = P1,..., re(W,,) = P,,. After this resummation, Z(A) is just a sum over 
subsets P1 ..... P,, of Yo which are mutually nonoverlapping, with a weight 
z(Pi) ~< exp{ - [ /3 -  O(1)] IPil } for the polymer Pi. The Mayer expansion 
for the logarithm of the polymer partition function Z(A), which is 
absolutely convergent if/~ is large enough, then gives an expansion of the 
form (4.27). If one adds the corrections coming from the resummation of 
ordinary contours, using, e.g., the methods described in Section 5 of ref. 9, 
the expansion for the free energy of the lattice gas is exactly the same as 
the usual expansion (see, e.g., ref. 10) for the surface tension a. Since both 
expansions are convergent, the bound (4.24) is proven. I 

It is instructive to compare the above situation to the periodic case. In 
this case it is no longer true that each allowed set of floating walls 
{[WI]  ..... [W,,]} leads to an allowed surface Y, because the surface 
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constructed from { [ W1] ..... [W,,] } may violate the periodicity conditions 
imposed by the periodic lattice. If v + 1 >~ 3, this can only happen if one of 
the walls is so large that ] W] - ]~(W)T >t L; the contribution of these con- 
figurations therefore only enters into the error term in (1.8); see Section 5 
of ref. 9 for the proof. For v + 1 = 2, however, this effect leads in fact to the 
1/,,/-L correction in (1.8), and hence to w=  1/2. Heuristically, this can be 
easily understood by considering only surfaces without overhangs. The sum 
over surfaces is then just a sum over closed random walks. Since a random 
walk without restriction on its endpoint walks just an average distance x /L  
in a time L, it gets a 1/,,/L correction if it is forced to return to its 
endpoint. 

We do want to make this more precise, however, taking at the same 
time the opportunity to explain the main idea of the proof of w = 1/2 in the 
periodic case. To this end, we introduce for each wall W i the height 
difference hj between its right and left endpoints. The surface constructed 
from an allowed set of floating walls then fulfills the required periodicity 
condition if and only if the heights h /add  up to zero. Following ref. 21, we 
then introduce the partition function 

2(P)  = e-~C' ~ ~ (I  z(Wj) e'~'hj (4.31) 
,,-o {[w~],...,[w,,]} j - I  

where the sum goes over all allowed sets of floating walls. The restriction 
Z h i = 0  is now obtained by integrating over p, so that the sum over 
periodic interfaces is just 

Z e ~lrl 1 f~ = 2-~ dp Z(p)  (4.32) 
- - r e  Y:t(Y)  to 

Since Z(p)  can again be rewritten as the partition function of a dilute 
lattice gas (note that the activities of the walls are multiplied by a complex 
number of modulus one, which does not affect the absolute convergence), 
it logarithm is again of the form 

log Z(p) ~- - L f ( p )  (4.33) 

For large L, the integration over p in (4.32) can then be analyzed by a 
saddle point approximation and we obtain 

exp(-/~ I YI) _-__ ~-s dpexp - L f ( O ) - - ~ L f " ( O )  
Y :  t ( Y )  = t o  - -  r r  

1 
= [2~rLf"(0)] ~/2 exp[ - Lf(0)]  (4.34) 

in accordance with the heuristic random walk argument. 
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It is interesting to introduce boundary conditions which interpolate 
between free and periodic boundary conditions by adding a term 

glcrx-a~J (4.35) 
{x, r } 

to the Hamiltonian, where the sum runs over all pairs of points x, y which 
lie on opposite sides of the boundary of V. The value g = 0  then 
corresponds to free and the value g = 1 to periodic boundary conditions. 
For the transverse quantum Ising model in one dimension, such boundary 
conditions have been considered by Cabrera and Julien (~8) and by Barber 
and Cares. (19) While Cabrera and Julien present exact calculations on a 
small lattice which suggest that ~L ~ O(L~')e ~L, where w varies smoothly 
as g goes from 1 to 0, Barber and Cates give random walk arguments 
which explain this effect as a crossover phenomenon, suggesting that 
w =  l/2 for all g > 0 .  For the classical Ising model considered here, 
Abraham et al. (z~ gave exact transfer matrix expressions for the spectral 
gap, which again give w = 1/2 for all g > 0 in v + 1 = 2. We think that these 
results can be given an independent proof (and at the same time be 
extended to a large class of two-phase systems with a symmetry relating h 
to - h )  if one uses the methods developed in Section 5 of ref. 9. In order to 
explain the main idea, we again leave off the corrections coming from the 
resummation of ordinary contours. In this approximation, F(+ ~ is now 
give as a sum of the form (4.29), with an extra factor exp(-g/~ ~2ihi) on 
the rhs correcting for the fact that we have left out the contribution of 
(4.35) to the energy of an interface. Rewriting 

exp 

where 

we obtain that 

Y: t ( Y )  = to 

G ( p ) =  ~ eipme g~lml (4.36) 
m =  ~zc 

exp - ~ _ 

Except for g =  0, where G(p)= 2n6(p) and hence 

1 
F(+ ~ [g = o ~ g-2 2"(0) = O(1 ) exp [ - LjT(0)] 

Z.7~ 

dpG(p)Z(p)  

(4.37) 
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G(p) is regular at p - -0 .  As a consequence, the integral in (4.37) may again 
be analyzed by a saddle point approximation, leading to 

F (~ - - 0 ( 1 )  dpG(O)exp -Lf(O)--~L~"(O) 
~ +  - - r r  

=o(1) a(0) ILl, ,(0) ] ,/z exp[ - Lf (0) ]  (4.38) 

for all g > 0. Using the methods of ref. 9, Section 5, it should be possible to 
actually prove that this behavior persists when the corrections coming from 
resumming over ordinary contours are taken into account. We therefore 
conjecture that the following quasi-theorem is in fact a theorem. 

Q u a s i - T h e o r e m  4.2. Let /3 be large, v +  l =2 ,  and /~=0. Let 
eLl (g )  be the spectral gap in the infinite cylinder V~ with boundary 
conditions g as defined above. Then 

where 

~L = D(L) e~~ (4.39) 

D(L) ~ const.  L w as L ~ oo (4.40) 

and w = 0 for g = 0, while w = 1/2 for all g in the range 0 < g ~< 1. 

Note that (4.40) is only an asymptotic statement for large L, and that 
the answer to the question of how large is large may depend on g. Heuristi- 
cally, one just should compare the average walking distance of the random 
walk I (L)=  O(L 1/2) to  the length scale l(g)= O(1/g) on which the term 
exp(-g/3  ~2i hi) starts to suppress large height differences between the two 
endpoints of the surface Y; see also ref. 19. If l(L) < l(g), the insertion of 
e x p ( - g p  Z i  hi) should not have a great influence, so that effectively w is 
still 0, while for l(L) > l(g) we expect the onset of the asymptotic behavior 
(4.40). Note that this heuristic argument can actually be made more quan- 
titative by calculating the next to leading orders in the approximation 
(4.38). One obtains that 

CO 
r(+ ~ ~ E1 + c lL- l+  O(L 2)] (4.41) 

where both Co and cl depend on g. For  small g, cl ~ g - 2 ,  which gives a 
crossover if L = O(g-2). 

Remark. It would be interesting to prove Theorem 4.1 and the above 
quasi-theorem for asymmetric models. For  these models, we expect a shift 



530 Borgs and Irnbrie 

O(1/L) in the free boundary finite-volume transition point [defined, e.g., as 
the point/~*(L) where f+(L,/~*(L)) =-f_(L, #*(L)), or, more naturally, as 
the point where the splitting between the two lowest eigenvalues of the 
transfer matrix is minimal]. It is clear, however, that the proof of the 
analog of Theorem 4.1 requires a substantial extension of the methods used 
so far, since the a priori assumption [kl--#*[ LV~ < O(1) which was used to 
resum ordinary contours is no longer valid. Note, however, that such a 
condition is only needed for ordinary contours which touch the boundary, 
while ordinary contours not touching the boundary may in fact be 
resummed as long as [#[ L ~ b/~ for some b < 1. Using a procedure of induc- 
tively defining suitable finite-L free energies f_+(L,/~) [as sketched in the 
Appendix just before Eq. (A.2)] should then make it possible to actually 
resum the ordinary contours which touch the boundary if [p-/~*(L)[  LYe< 
O(1) [where p*(L) is now inductively defined as well]. 

APPENDIX 

In this Appendix we fill in the technical details left out of the last 
section. In order to avoid lengthy repetitions, we assume that the reader 
has some familiarity with ref. 4 and only comment on the differences which 
appear due to the presence of free boundary conditions (b.c.). 

For preciseness, we distinguish between the lattice V= A x T, the set 
VI of nearest neighbor (n.n.) bonds in V, their duals V* and V*, and the 
continuum cylinder P := [ 1/2, L + 1/2]" x (~/tY). We introduce contours, 
long contours, interfaces, and ordinary contours as in Section 3, con- 
sidering the set &rv as a subset of P by taking the closed union of all faces 
dual to a bond (xy )  for which a x r  ~y. Observing that each short contour 
may be embedded into the infinite cylinder P~ := [1/2, L + 1/2] v x JR, we 
define, for each contour Y which is either an interface or af ordinary 
contour, the interior Int Y of Y as the union of all finite components of 
Po~\Y. Note that the interior of a contour may have several connected 
components with our definitions where we did not include a "rounding of 
edges" procedure to produce contours with connected interiors. 6 

First, we want to comment on the consequences of the condition 
I~l L " ~  1 on the resummation of ordinary contours. To this end, we recall 
that the resummation of ordinary contours involves activities K(Y) [see 
Eq. (3.4) of ref. 9] which contain ratios of partition functions 

Z (W,~) Z (W,~) 
o r  

z+(w,~) z+(w,~) 

6 F o r  the s ame  reasons ,  interfaces  m a y  a lso  have  a n  in te r io r  wi th  several  c o m p o n e n t s .  
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where W is a connected component of Int Y and Z+(W,  ~) is defined as 

a w  ( x . v ) ~  WI ,c~ W 0 

where the sum goes over all configurations aw: Wo-~ { -  1/2, i/2} which 
are perturbations of the plus ground state (or of the minus ground state, 
if the minus sign is chosen) by ordinary contours (see below), Wo = V n  W 
is the set of lattice points which lie in W, and W 1 is the set of nearest 
neighbor bonds ( x y }  e V 1 for which both x and y lie in W o. Here and in 
the following a w is called a perturbation of a ground state m e { -  1/2, 1/2} 
by ordinary contours if all contours corresponding to a w are ordinary 
contours, if none of them touches ~W\0V, and if a~ = m for all points x in 
the set Ext := W\UeInt  Yi (where the union runs over all contours Yi 
of a w)- 

In order to bound the activities K(Y), we have to bound the above 
ratios of partition functions. Following the strategy used for periodic b.c., 
we would assume inductively that K(Y) ~< exp{ - [fi - O(1 )] I YI } and then 
use this assumption to bound 

Ilog Z_+(W, ~ ) +  Iwlflf+_(ff)l <~ 10wI O(e -~) 

in the next step. Assuming lit I L~< 1, which implies that 

f l l f + ( / ~ ) - f  (#)l lint Yl < ~ f l l f + ( # ) - f - ( # ) l t ~ l Y ]  ~<O(1)IYI 

we then get 

Ig( Y)I ~< exp{ - [fl - 0(1 )]IY I } 1-I exp[IO Wl O(e-~)] 
W 

where the product goes over the connected components of Int Y. 
Unfortunately, this bound is not good enough, since I OWl may now have 
huge parts which are made of the free boundary r so that I~WI may be 
much larger than I YI [the ratio may in fact be as large as O(L ~- 1)]. 

One should therefore try to construct inductively an L-dependent free 
energy f++(L, kt) which takes the boundary effects with the free boundary 
into account, leaving only an error term 10W~ Y10(e-e). Fortunately, we 
do not have to follow this strategy in the present case, where the + / -  
symmetry implies that 

Using the fact that 

z (w ,~=o)=z+(w ,~=o)  (A.2) 

d/zk ~< Z+(W, #) (A.3) 

822/69/3-4-6 
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since the sum in (A.1) is a sum of positive terms and [~r~! = 1/2, we 
conclude that 

Z~+(W, ,u) Z (W, #) <~elWll. i and Z_(w,Z+(W'/x_~ <~ elWllu I 

Bounding now lint Y] ~< ]I(Y)[ L" ~< I Y] LV, where I(Y) denotes the smallest 
interval such that Y c  [1/2, L+l/2]VxI(Y) ,  we find that the activities 
K(Y) may be bounded by 

K( y) <<. e-(~ i.lL')l rl (A.4) 

The condition ]Pl L"~< 1 therefore guarantees that the resummation of the 
ordinary contours in Zre s can be analyzed by a convergent expansion. 

In order to obtain a representation of the form (4.17), we now use that 
the resummation of ordinary contours brings Zres(V, #) into the form 

z,o~(v, ~) = z+(v, u)+z (v, ~) 

"+ -- E e ,S I Y~I 
n = 1 12 Yl ,..., Yn ' 

where the sum over 

H Z r n w ( m ~ [ l ) ] l ~ i  Z m i ( V i , ] ~ )  
w ~  Int Y 

(A.5) 

Y1 ..... Y,, goes over interfaces YI,..., Yn that are 
chronologically ordered, the product I~wcIn t  Y runs over the connected 
components of Int Y, and Vi is the region between Yi and Y/+l; Z+( . ,  p) 
are the partition functions introduced in (A.1), m~= + if V~ is in the + 
phase and mi = - otherwise, and, in the same way, m w = -+, depending on 
whether W is in the phase + or - .  The factor 1In in the above sum 
accounts for the fact that cyclic permutations of Y1 ..... Y, correspond to the 
same configuration in Z r e s (  V, ]J). 

Using W* and Vi* to denote the set of cubes dual to the lattice points 
in W and Vs, respectively, we now use the fact that Z+( . , /2)  can be 
analyzed by a convergent cluster expansion to write its logarithm in the 
form 

l o g Z + ( W , p ) = _ + # l W * l +  ~ k+(X) (A.6) 
X~- W* 

where the sum goes over connected subsets J( of W*, and Ik_+(X)l ~< 
exp{ - [ f l -  O(1)] ]X[ }. We then rewrite 

ce VT* X~ V~* 
X~c 
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where ~+_ (X)= k +_(X)/IX], and introduce position-dependent free energies 

noting that 

fif~.+ := -T-y- ~ ~:_+(X) (A.7) 
X =  v~  

X ~ c  

f i fc+=flf(#)+O(exp{-[fl-O(1)]dist(c, 3V*)}) (A.8) 

Using these free energies, we can write log Z+_(W, #) as fl Zc~ w* fx+ plus 
a sum of the form (A.6), where X now goes over sets X c  V* which 
intersect 3W\~V*. As a consequence, Zres(V, #) can be rewritten as 

Z,.~s(V, # ) =  e x p [ - f i f + ( L ,  #)1 VI] + e x p [ - f i f _ ( L ,  #)1 VII 

s 
+ - ~ [I~(Yi)exp[g(Y~, Y~+t)] 

n ~ l  n Yl , . . , ,Yn i 

where 

l 
f+_(L, ,L-- Z fc+ 

CE V*  

~(Y) = e x p [ -  fl[ YL + g(Y)] 
W c  Int  Y c ~  W *  

Here g(Y) can be rewritten as a sum of terms X intersecting Y and hence 
can be bounded by IYlO(e-~), and g(Y, Y') can be written as a sum of 
terms intersecting both Y and Y', and hence can be bounded by min{[ YI, 
I Y'I} exp{ -d i s t (  Y, Y')Efl - O(1)] }. 

In order to bring (A.9) into the form (4.17), we note that 

V,=(AxI ) \ { [AxI (Y i ) ] \V+(Y , )u[AxI (Y ,+~)] \V  (Y,+,)} (A.10) 

where .d=  [1/2, L +  1/2]L I(Y), V_(Y), and V+(Y) are the smallest inter- 
val such that Y c A x I ( Y ) ,  the part of I(Y) which lies below Y, and the 
part of I(Y) which lies above Y, respectively. Finally, I is the interval which 
extends from the lowest endpoint of I(Yi) to the highest endpoint of 
I(Yi+l). Using (A.10) and the fact that the translation invariance in the 
time direction implies that 

K f~•215177 
c=~xT 
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for I = / ,  I(Yi), and l(Yi+t), we now rewrite (A.9) as 

Zres( V,/2) = e -flf+(L,~),V, + e -~J~(L,~)l Vi 

+ -- ~ H K(Yi) e-~f~(L'~)Iv~ieg(r~'~+~) (A.11) 
n = l n Y 1 , . . . , Y n  i 

where, for an  interface Y which describes the transition from a state m 
below Y to a state m + above Y, 

{ ~, [f~m+-fm+(L'#)]-flcc~ *[f~m--fm-(L'/2)]} x(Y) := ~(Y) exp - f l  ~'~Z 

(A.12) 

In order to bound ~c(Y), we note that 

x(Y)=exp[g(Y)-f l lY[] exp[-flAF(Y)] H 
W c I n t  Y 

where 

exp[ - fiJmw( L, #)1WI ] 

(A.13a) 

dr(Y)= • [L~+-fm+(L,/2)]+ Y~ [fc..-fm_(L,/2)] 
c~  V~ c~ V* 

+ ~, Z [f~mw--fmw( L'/2)] (A. 13b) 
W ~ I n t  Y c ~ W *  

Using the fact that [dAF(Y)/d#[ <~ II(Y)lLvO(e - ')  and that AF(Y)=O if 
/2 = 0, we conclude that 

I~(Y)I <~ e-~lrle ~ <<- e -EB-~ (A.14) 

provided ]/2] L v ~< 1. 
Given the representation (A.10), the bound (A.14), and its generaliza- 

tion to derivatives, and the fact that the derivatives of f+_(L,#) are 
bounded by O(1), the results of Section4 of ref. 9 immediately give 
(4.24)-(4.26). In order to prove (4.27), we note that 

L v[I+(Y)] + L V l I - ( Y ) [ -  [ V + ( Y ) [ -  [V_(Y)[ =] In t  Y[ 

where I+(Y) are the parts of I(Y) which lie above and below the point t(Y) 
defined in the last section. Combined with the fact that AF(Y) = 0 if # = 0, 
we obtain that 

r(y)lu=o=eg(Y) ~tvl 
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and hence 

V?  ~- I~,=o = lim ~ e g(Y)-eiYI 
V ~ V ~  Y : t ( Y )  = t o 

Using the fact that g(Y) is a sum over connected sets X c  V* which inter- 
sect the surface Y, the methods introduced in ref. 21 (see also ref. 22) then 
allow us to rewrite F ~ )  as the partition function Z(Yo) of a dilute gas of 
excitations over the flat surface u where an excitation is now a connected 
cluster made of the walls introduced in Section 3 and the subsets X c  V* 
appearing in the cluster expansion for g(Y). Expanding log Z(u into 
volume terms, surface terms, etc., we obtain Eq. (4.27). 

We finally bound the difference Zfro~(V, #)-Zro~(V, kt). Resumming 
ordinary contours, we rewrite this difference as 

Zfree (V , ]g ) -Zres (V , [g )~ -  ~ E H e f l l Y i l U Z m w ( W , # )  
n=l {Y|,...,Yn} i W 

where the second sum goes over sets { Y~,..., Y, } of long contours in V 
such that Yin Yj=~, the product over W runs over the connected 
components of V\U~ Yi, mw is the label of the state in W, and Zmw(W, p) 
are the partition functions introduced in (A.1). Using the bound (A.3) and 
the symmetry (A.2), we then bound 

IZfree(V,#)-Zres( V,lt)t<elu/211VI ~ E i-Ie-~lY~ll~z+(w,O) 
n = l  {YI,...,Yn} i W 

We then note that the last product in this sum can be rewritten as 

Hz+(w,  0)=Z'  1-I e 
W av (xy)E V1 

where the sum goes over configurations which are small perturbations of 
the plus ground state by ordinary contours obeying the additional 
constraint that O-x--ay = +1/2 for all bonds (xy) which are dual to a face 
in 0 Yi. Summing over all configurations which are small perturbations of 
the plus ground state by ordinary contours without any additional 
constraints gives an upper bound, and we obtain that 

IZf~(V,p)--Zr~,(V,~)I~eI~/211VIZ+(V,O) ~ ~ He PlY, I 
n = l  {YI...,Yn} i 

<~el~plVIZ+(V,#) ~ ~ H e  -r 
n = l  {Y1,...,Yn} i 

(A.15) 
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Using the fact that each contour in the sum over { Y~ ..... Y,} is long, and 
hence larger than t, and bounding Z+(V, #) by 

e x p [ - / 3  rain { f+  (L, #), f_(L, #)} [ VI ] exp(] V[ exp{ - [ / 3 -  O(1 )] t}) 

we obtain that 

IZr~e( V,/~) - Zres( V,//)l 

~< exp[ - /3  min { f+  (L, #), f_(L, ~)} I vI ] exp{ - [/3 - O(1 )] t} 

(A.16) 

provided Ip[LV~< 1. At this point we use the bound (4.26) to bound the 
smallest eigenvalue 2o of the matrix ( F +  F1/ZI'F 1/2) from below 

2o>~(exp[-/3min{f+(L,#),f (L, lO}LV])(1--exp{--[/3--O(1)]L~}) 

>~ exp[---/3 min{ f+(L,  p), U_(L, p)}L v] exp[ - -  O(1)] (a.17) 

Combining the bounds (4.25) and (A.16) with (A.17) and the fact that 
[ VI = tL v, we obtain that 

dTpk[Zfree(V,l~)--Tr(F+F1/2FFl/2)t ] ~<2~e E, o(1)It (A.18) 

provided t/> v log L, I~1 L ' ~  l, and 0 ~< k ~< 4. Since this bound implies that 
- l o g  2o/(/3L r) is actually the free energy f(L) defined in (4.2), the bound 
(4.3) is finally proven. | 
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